NOT  TO  BE  TAKEN  FROM  THIS  ROOM 


ON  SOME  PROBLEMS  OF  COMBINATORIAL 
NUMBER  THEORY 


'[i  ■>'  '■ 

>,'’<V.vVV  /,  -V 


7,1 


DEPARTMENT  OF  MATHEMTICS 


Gtx 


Digitized  by  the  Internet  Archive 
in  2018  with  funding  from 
University  of  Alberta  Libraries 


https://archive.org/details/Edgar1958 


AESTTU'^CT 


This  thesis  deals  x^ith  some  problems  from  the  borderline . 
of  additive  number  theory  and  combinatorial  analysis.  In  the 
first  four  chapters  V7e  give  a  survey  of  problems  dealing  ifjitii 
the  separation  of  integers  into  (usually)  non-overlapping 
classes  satisficing  certain  conditions.  The  fifth  chapter  deals 
x-7ith  problems  on  the  addition  chains  of  Scholz  and  Brauer  while 
the  last  chapter  is  concerned  with  problems  on  representation 
of  integers  by  distinct  elements  of  certain  sequences. 


ON  SOI^IF:  problems  of  COI^IBINATORIAL 


NUT'ffiER  THEORY 


by 


Hugh  Maxt^ell  Wallace  Edgar 


Under  the  direction  of 
Br,  L«  Moser 

Lepartment  of  Mathematics 


University  of  Alberta 


A  THESIS 


aTBMTTTED  TO  THE  SCHOOL  OF  GRADUATE  STUE'IES 


liNf  PARTIAL  FJLFILDIENT  OF  THi:  REQTJIR.EMENTS  FOR  THE 
DEGREE  OF  MASTER  OF  SCIENCE 


Edmonton^  Alberta, 


my,  1958. 


ACKNaJLSDGEMENTS 


I  would  like  to  extend  my  thanks  tc  Lr,  Leo  Moser  for 
his  invaluable  assistance  in  the  preparation  of  this  thesi 


TABLE  OF  CONTENTS 


INTRODUCTION 

CHAPTER  I 

chapter  II 

chapter  III 

CHAPTER  IV' 

CHAPTER  V 

chapter  VI 

BIBLIOGMPHY 


Page 

i  -  ii 


Regularity  theorems  of  Schur  and  Rado  -—1-22 
Progression-free  sets  23  -  33 

lA-ro  problems  of  Erdos  - — -- — 3!;  -  Lo 

Covering  sets  of  congruences  -  l^l  -  Lq 

Addition  chains  I4.7  -  52 

Restricted  bases  ^3  “  68 


69  -  73 


INTP.ODUCTIOK 


In  Chapter  I  we  discuss  a  theorem  due  to  Schur[^3oJ  and  some 
related  problems.  More  general  results  of  Radc[2lJ  are  also 
discussed. 


In  Chapter  II  we  consider  two  rel.ated  topics:  the  first  of 


these  concerns  a  well-knoi/m  theorem  due  to  van  der  Raerden 


while  the  second  concerns  ’’progression-free sets.  Ve  discuss 
results  due  to  Frdos  and  Rado[  Moser  18  3ehrend[^  1  J 


Eoth[23-2^ 


and  Varnivides 


[37] 


in  connection  with  these  problems. 


In  Chapter  III  we  discuss  two  problems  concerning  finite  sets 
of  positive  integers.  In  the  first  problem  we  separate  the  numbers 


2,  2n  into  two  disjoint  classes  A  and  E  ^  each  class 

containing  n  numbers.  The  waj  in  which  we  separate  the  numbers 
is^  apart  from  the  conditions  stated,  arbitraiy.  'e  investigate 
a  pronertj  of  the  ’’difference  set”,  defined  to  be  the  set  of  all 
integers  (with  multiplicities''-  idiich  are  obtained  by  subtracting 
an  element  of  the  class  B  from  an  element  of  the  class  A.  The 


second  problem  is  the  following:  how  many  distinct  positive 

integers  not  exceeding  n  can  we  have  if  we  insist  that  all  the 
possible  sums,  of  one  or  m.ore  of  these  integers,  be  distinct? 

In  Chapter  P/  we  consider  problems  of  the  following  t^ye: 


can  every  integer  be  represented  as  an  element  of  one  of  a  finite 
number  of  arithmetic  progressions,  each  of  whose  common  differences 
are  distinct. 

In  Chapter  V  we  consider  a  number  of  problems  which  arise  in 
connection  with  the  concept  of  ’’addition  chains”,  introduced  by 
Sciiolz  [29J  ,  ihe  major  portion  of  the  chapter  is  an  e:yosition 


(ii) 


of  a  paper  by  Brauer  [[  4  who  solved  some  of  the  problems 
originally  proposed  by  Scholzj^  29  J, 

In  Chapter  VI  we  discuss  some  results  due  to  Kelly 13 Jin 
connection  with  a  problem  concerning  the  possibility  of 
representing  positive  integers  as  the  sum  of  distinct  elements  of 
a  given  sequence* 


«  1  „ 


CHAPTER  I 

Introduction ♦  In  this  chapter  we  begin  by  discussing  a  result 

of  Schur[^3oJ,  Schur  proved  that  if  sufficiently  man^f  positive 
consecutive  integers  1^  2^  N(n)  are  separated  into  n 

classes  in  any  manner  whatsoever  then  at  least  one  class  contains 
elements  y  and  z  such  that  x  +  y  =  z.  He  made  an 
application  of  his  result  to  Fermat  hs  last  theorem,  VJe  end  the 
chapter  by  discussing  a  more  general  theorem  due  to  Rado  ^  , 

Let  us  denote  by  M(n)  (assuraing^  for  the  moment,  that  it 

exists)  the  smallest  number  such  that,  if  1,  2,  35-» . are 

separated  into  n  classes  in  any  manner  whatsoever  then  at  least 
one  class  contains  elements  x,  y  and  z  such  that  x  +  y  =  z, 

¥e  now  proceed  to  obtain  lower  bounds  for  M(n).  Consider  the 
numbers  1,  2,  (2^-1),  ¥e  separate  these  numbers  by  putting 

all  the  integers  of  the  closed  interval 

class,  (1  <  k  <  n).  It  is  clear  that  no  solutions  of  x  +  y  ~  z 
will  be  obtained  in  an37-  class.  In  fact  if  i/je  consider  any  two 
elements  of  the  krbh  class,  their  sum  is  an  element  of  the  (k  +  l)st 
class.  If  n  "  U  we  would  obtain 


1 

2 

u 

8 

,  (16) 

3 

5 

9 

(19) 

(17) 

6 

10 

(2li) 

(13) 

7 

11 

(27) 

(25) 

(20) 

12 

(26) 

(21) 

13 

(22) 

III 

(23) 

15 

Ve  see  that  it 

is  possible 

to  add 

more  consecutive  integers  to  this 

array  without 

obtaining  a 

solution.  The  numbers  appearing  in 

brackets  are  s 

uch  nurabers. 

Hence 

we  can  split  more  than  (2^-1) 

i 


- 


-  2  - 


numbers  and  still  be  T^jithout  a  solution^  Thus  F(n)  >  (2^‘^-l), 
Alternately,  we  could  write  every  integer  m  in  the  form  2^  9 
where  9  is  odd  and  put  m.  in  the  kth  class .  If  we  have  the 
elements  m^  =  2"  9^  and  m^  =  2^  9;;,  in  the  kth  class  then 
(m^  +  m^)  must  be  an  eleraent  of  some  rth  class  where  r  is 
greater  than  k  and  so  we  will  obtain  no  solution  in  the  kth 
class.  With  n  =  U  we  obtain 


1  2  U 

3  6-12 

5  10 

7  lU 

9 

11 

13 

15 


We  notice  that  in  this  case  ywe  cannot  add  any  m.ore  integers 
without  obtaining  a  soljjtion. 

We  now  prove  that 

(3“  -  .1) 


(1.1)  M(n) 


2 


+  1  = 


2 


The  statement  is  trivially  true  for  the  case  n  =  1  ,  We  assume 


that  it  is  possible  to  split  the 


3*^-1 


number 


(3k  „  -T.) 

1,  2,  into  k.  classes  without  inducing  any  solutions 

/,kH-l  -5  \  /-ak+l  N 

and  now  prove  that  the  . . numbers  1.  2,  O 

2  2 

can  be  split  into  (k  +  1)  classes  without  inducing  a  solution, 

/ok  ^  T  x 

We  split  the  numbers  as  follows?  the  first  inte^’ers 

2 

we  arrange  in  k  classes  as  in  the  case  n  =  k.  Any  integer  x 
such  that 


-  1) 


+  1  <  X  <  2 


(All)  .  n 


(1*2) 


2 


2 


/  :  } 


•(a 


V* 


r.  'to.  t' 


>  * 


s., ' 


I 


-  3  - 


we  put  in  the  (k  +  l)st  class.  Finally,  any  integer  y  such  that 


fok  _  T ') 

(1»3)  2  -  Y ^  y  < 


(3^^^  ■  1) 
2 


we  place  in  the  same  class  as  the  integer  y  -  ^2  • 

In  this  way  we  certainly  dispose  of  the  required  integers.  It 
remains  to  show  that  there  are  no  solutions  of  x  +  y  =  z  in  any 
of  the  (k  +  1)  classes  formed.  It  is  obvious  that  there  is  no 
solution  possible  in  the  (k  +  l)st  class.  In  the  other  k  classes 

-  1) 


there  are  no  solutions  for  integers  not  exceeding 


by 


our  induction  hypothesis.  Given  any  3  y’s  in  the  range  given  by 
(1.2),  say  y  ,  y^  and  y  ,  it  is  not  possible  to  have 

C  J) 

y  +  y  =  y  because  of  the  restricted  range  of  y  ,  Also,  the 

1.  C  ^ 


fact  that  y  and  y 


( 


(3^  -  1) 


2 


always  occur  in  the  same 


class  means  that  the  interval  between  any  y  and  y^  must  equal 

X*  O 

the  interval  between  ^  ^  ^2 _ +l)  and 

/  fok  _  1)  \ 

^2  that  we  cannot  obtain  a  solution 

y  .  Finally,  ^t  possibl.e 


^s  " 


of  the  type  x.^  +  y^  y_^ 
r,  s  and  t  *  Hence  we  encounter  no  solutions  in  these  first  k 
classes.  Thus  the  induction  is  complete. 


¥e  now  shox^i,  in  a  different  manner,  that  M(n)  > 


3^+1 


we  use  the  base  3  ^.nd  the  3  digits  1,  0  and  -1  so  that,  for 
example,  represented  as  1-1-10^^^  and  is 

represented  as  100-1^^^.  Clearly  the  digit  on  the  extreme  left 
of  any  positive  integer  must  be  1  ,  The  number  of  numbers  having 
not  more  than  n  ternary  digits  is  1  +  3^  +  3^  +  ••*  +  3^“”^  =  2^1 


¥"e  separate  these  nurabers  as  follows:  if  the  first  1  appears 

in  the  rth  place,  counting  from  the  digit  on  the  extreme  right  of 
the  number,  we  place  the  number  in  the  rth  class.  It  is  easy  to 


■'  iii' 


f 


■  i 


X 


-  h  - 


show  that  no  class  can  contain  x,  y  and  z  such  that  x  +  y  =  z. 

The  two  methods  of  showing  that  M(n)  >  - h  tThich  have  been 

2 

discussed  give  rise  to  quite  different  arrays  in  the  case  n  ==  U, 

\\e  exhibit  these  arra^rs^  the  array  (1)  being  the  result  of  the  first 
method  discussed* 


(1) 

1 

2 

5 

Ih 

(2)  1 

2 

T)i 

k 

3 

6 

15 

h 

3 

6 

15 

10 

11 

7 

16 

7 

11 

8 

17 

13 

12 

8 

17 

10 

12 

9 

18 

28 

29 

9 

18 

13 

20 

32 

23 

31 

30 

32 

19 

16 

21 

33 

2h 

37 

38 

33 

20 

19 

29 

35 

26 

ho 

39 

3h 

21 

22 

30 

36 

27 

35 

22 

25 

38 

36 

23 

28 

39 

2h 

31 

25 

3h 

26 

37 

27 

Uo 

Salie  2  sj  has 

showm  • 

that 

M(U)  >  hh 

by  the  follomng  example : 

1 

2 

h 

5 

7 

3 

10 

6 

12 

9 

1.1 

8 

15 

lU 

13 

17 

18 

22 

16 

20 

21 

30 

19 

2h 

22 

35 

25 

27 

26 

Lil 

28 

36 

29 

31 

38 

32 

33 

39 

37 

3h 

U3 

ho 

Using  the  type 

of  argument 

we  employed  to  first 

shotj  that 

M(n)  > 

3"  + 

we  are  now  able  to  •prove  that 

2 

(1.14) 

M(n) 

>  fL 

3^  H 

1 

^  -  for 

n  >  U 

■  162 

2 

-  5  - 


¥e  now  show  that  ?4(2)  =  5  and  K(3)  =  iH  so  that 
(3^  -  1) 

M(n)  =  — - —  +  1  for  these  values  of  n  .  Clearly,  the  nmbers 

I  and  2  must  be  in  different  classes  to  avoid  1  +  1  =  2.  For 
n  =  2  if  1  and  3  are  in  the  same  class,  U  can  go  in  neither 
class.  With  2  and  3  in  the  same  class,  h  is  forced  into  the 
same  class  as  1.  The  resulting  array  is  optimal  but  the  addition 
of  5  to  either  class  now  forces  a  solution.  Let  us  now  consider 
the  case  n  =  3*  VJ’e  shall  have  3  classes,  which  we  denote  by  I, 

II  and  III.  ¥e  can  assujne,  without  l.oss  of  generality,  that  1  is 

in  I  and  2  is  II.  If  we  have  the  (r  +  s  +  t)  numbers 

A 

a^,  a^,  a^,  b^^,  bg;,  ...,  b^,  c^,  separated  so 

that  the  first  r  numbers  are  elements  of  class  I,  the  next  s 
numbers  are  elements  of  class  II  and  the  last  t  numbers  are 
elements  of  class  III  and  if  such  an  array  is  solution-free  we 
%  c. 


denote  it  by  a^  b^  c 


,  If  in  an  array 


s.  b  c . 
r  s  t 


""r  ’"s  =t 


the  number  x  must  be  put  in  class  I  in  order  to  maintain  a  solution- 


"^1 


free  array^  we  write 


^2  Oa 


1^2  O2 


We  use 


3.  b  c . 
r  s  t 


’=s  =t 


similar  notation  if  the  class  II  or  III  is  involved.  If  in  an 


array 


'2  ^2 


the  number  x  forces  a  solution  no  matter 


■ 


f,.-&  ^  OTr^r  ■‘' 


/7 


^  • 


t  .: 


/ 


« 


lv. 


^X*' ?'".■*■' ';>  V'  »' '  •'  *■ 

'  if: 


-  6  - 


^  S. 

what  class  it  is  put  in  we  write  a^  :  x.  ¥e  construct 


a  b  c^ 
r  s  t 

all  possible  solution-free  arrays  involving  the  integers  1,  2  and 

3  thus  obtaining  12  3,  12  and  1  2  .  ; /e  then  anpend  U 

3  3 

in  all  possible  solution-free  ways,  obtaining 


12  3  12  3 

1  2 

1  2  U 

and 

1  2  U 

1; 

,  h  3  , 

3 

3 

• 

Next  we  append  8. 

We  now  obtain 

123  12 

1 

123  1 

23  1 

2 

12  8  12 

h  12  h 

U  8  ,  h 

8  , 

8  1;  , 

8  U  ,  ii 

3  . 

h  3  ,83 

9  3 

8 

8 

1  2  h  and 

12  1- 

3 

3 

8 

8 

Upon  adding  5 

in  a 

.11  possible 

solution- 

-free 

ways,  we  get 

the  possibilities 

123  12 

123  1 

23  1 

2  3 

123  1 

2  3 

li  5  5 

f, 

•-r 

8  5  1;  8 

h  5 

8  h 

5  h 

8  1; 

8,8 

9 

,  8  , 

5  , 

125  12 

1; 

1  2  h  1 

2  u  1 

2  h 

12  1;  1 

2  k 

U  3  38 

5 

5  3  8 

3  5  5 

3  5  3 

5 

8  , 

9 

8 

9 

8 

,8,8 

9 

121;  121;  121;  123,  123 


3  5  3  8 

8 


c: 

>  ^ 


3  5 
8 


U  6  5  hS  S 

9 


ind 


1  2  5 
1;  3  8 


We  novj  deal  with  these  arrays  individually 


123  123  123 

h.  5  — ►  U  5  — ►  i;  5  10 

8  6  8  6  8 


Thus  a  solution  is  forced 


, I  f- 

i.;  -  ,  ■  'rx 


t 


-  7  ^ 


by  a  number  which  does  not  exceed  lU  and  so  the 


does  not  invalidate  the  statement  N(3)  <  iH  . 

other  array  invalidates  the  statement  M(3)  < 

the  array  125  forces  M(3)  =  lU. 

U  3  8 


12  3 
5  h 
8 


12  3 

5  6  U 


12^ 
5  6  U 
8  7 


12  3 
5  6  I4 

8  7  8 


;  13 


1^7 

8  5  h 


123 
8  h 
5 


1  2 
8  7 


:  9 


123 

5  8  h 


12^ 

1 

2 

3 

5 

6 

5 

h  t  : 

I 

8 

8 

123 

1 

2 

3  1 

2 

3  1 

2  3 

8  k  — ► 

6 

8 

8 

U  — ■»  6 

8  h 

s  10 

5 

5 

7 

5  9 

7  5 

1  2 

1 

2 

5  1 

2 

5 

U  3  5— ► 

U 

3 

h 

7 

6  :  11 

8 

8 

10 

8 

12  1; 

1 

2 

U  1 

2 

h  1 

2  h 

3  8  5— ► 

3 

8 

5— ►  3 

8 

5— ►  3 

8  5 

:  11 

10 

10 

6  10 

9  6 

1  2  U 

1 

2 

U  1 

2 

h  1 

2  h 

5  3—^ 

3 

6—^5 

3 

6 — 

3  6 

:  13 

8 

8 

8 

30 

8 

307 

1  2  U 

1 

2 

U  1 

2  h  1 

2  h 

8  3  5  — ► 

8 

3 

5—1^  8 

3  5— *•  8 

3  5 

:  12 

9 

9 

7  11 

9  7 

123 

array  I4.  5 
8 

h'e  show  that  no 
and  that  only 


-  8  - 


1  2  h  12!' 

5  3  — *■  5  3  6  :  10 

8  8 


121*  12!;  12  1;  121; 

3  5— ►  10  3  5  —*-10  3  5  —►10  3  5  i  7 
8  8  8  U  6  8 11 


121;  121;  121;  12U  12  'j  12  U 

35  —►357— ►357— ►357  — ►3  5  7— ^357 
8  8  8  1!..  811  8 11 9  8119 

6  10  6 


121;  121;  121; 

3  5  — ►  3  9  5  — 3  9  5  :  11 

8  8  8  7 


12  1;  12  1; 

3  8  — ►  3  8  6  :  10 

5  5 


121;  121;  121;  121; 

35  — ►356— ►356— ^356  1I3 

8  8  10  8  10  8  7 


123  123 

U  8  5  — ►  U  8  5  :  10 

6 


The  arrav  123  results  in  2  possible  arrays 

1;  5  3 

123  123 

U  5  8  and  1;  5  8 
10  10 


123  123 

1;  5  8— ►  U  5  8  :  11 
10  10  6 


123  123  123 

and  1;  5  8  — ►  1;  5  8  — ►  U  5  8 
10  7  1C  7  6  10 


Finally  the  array  125 

1;  3  8 


also  results  in  2  possible 


125  125 

1;  3  8  and  1;  3  8 
6  6 


:  13 


:  11  . 


arrays , 


-  9  - 


125  125  125 

U  1  8  — ►  U  3  8 — ►  3  0  :  12 

6  6 10  6 10  7 

125  125 

U  3  8  — ►  h  3  8  :  lU  where  7  may  be  put  in  any  class. 

6  1D116 

1332  9 

Hence  M(3)  =  lU  and  there  are  exactly  3  ways  of  separating  the 
niunbers  1,  2,  13  into  3  classes  so  that  we  have  a  solution- 

free  array. 

VJe  now  state  and  prove  the  theorem  due  to  Schur  [30]. 

THEOREM  1.1: 

If  the  consecutive  positive  integers  1,2^3^  •••  [^*^3 
separated  into  n  classes  in  any  raanner  whatsoever  then  at  least 
one  class  irri,!!  contain  elements  x,y  and  z  such  that  x  +  y  ~  z. 

( [x]  denotes  the  integral  part  of  x  ) 

PROOF : 

We  define 

(1.5)  Vl  +  1  for  n  >  1  .  ’  , 

We  then  have  v  ■ 

^n  "  ^  "n  1  "  ^  ((n-1)  f)  +  1  =  n(n-l)  +  n  +  1 

"n  "  n(n-l)((n-2)  T^_^  +  1)  +  n+1  =  n(n-l)  (n-2)  +  n(n--l)  +  n  +  1 

Continuing  in  this  wair^  we  see  that 

T  =  n(n-l) . . .  (n-(n-l))  T  .  .  +  n(n-l) . . .  (n“(n-2) )+ , .  .-i'n(n-l)  +  n  +  1 
n  n-(n; 


if 


i* 

I 


U-" 


-  10  - 


=  ni  s  i,  -  {h^h.^  '■•  "h)"  H'dwi 

V>=  f  1  -^  •  ' 


i  -h 


Now  n i  e 


(n+2) 


n!  e  =  T. 


n  +  [ 


1 


(n+l)l  (n+?)l 


■) 


Further, 


Hence  nl 


(  1 

1 

\  ^  nl  1  1  .  ^  ...  1 

\  (n+l) 1 

(n+2)  J 

V  (n+l)j  1  (n+3  )  (n+l)2 

(  1 

1  ^  1  n+1  ^  1 

V  (n^l)  1 

(n-r2)i  J 

c} 

1  s:^ 

h' 

f 

Hence  nl  f  ~~ —  +  — i —  +  ...| 

\  (n+1)  i  (n-f2)  I  ) 


1  for  all  n  >  1 


Thus  we  have  <  nie  <  therefore 


(1.6)  =  [nje] 


some  class  A  containing  t  elements  a^  ^  ,  . , ,  . 


He  now  assume  that  the  numbers  1,2^  ...  have  been  separated 
in  such  a  m.anner  as  to  jueld  no  solution  of  x  +  y  =  z  in  any 
class  and  from  this  assumption  obtain  a  contradiction.  In  order 
that  X  +  j  I  z  it  must  be  the  case  that  no  class  can  contain 
the  difference  of  2  of  its  elements.  Generall3f^  if  we  have 

<  a^  <  , , ,  <  +>,pn 

we  may  form,  the  (t-1)  distinct  "first  differences" 
b^  =  a^  -  ^  b^  =  a^  -  .  b^  ^  =  a^  -  a^  *  These  'first 

differences"  cannot  lie  in  A  .  He  m.a\r  also  form  (t~2)  distinct 
"second  differences" 

°1  =  tg  -  ,  Og  =  b3  -  c^_2  =  h-1  -  h  • 

elements  cannot  be  in  the  class  A  either  because  the^;-  also 
are  differences  of  the  original  elements  of  A.  In  our  case, 


I 

)  •  ' 


,1 

I 


1 
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we  begin  with  elements.  Hence  we  must  have  at  least  ~ 


elements  in  some  one  of  our  n  classes,  say  ,  How 

1 


n 

n 


=  n  +  -*  but  the  number  of  elements  in 
n-1  n 


Ai  must  be  Integra],  so  that  we  must  have  at  least  1 

elements  in  A^.  lie  now  form  the  distinct  "first  differences" 

These  elements  cannot  lie  in  A^  and  so  must  be  distributed 
among  the  remaining  (n-1)  classes.  Hence  in  some  class,  say 


Ag  ,  we  must  have  at  least 


=  2  elements, 


Once  again,  we  form  differences,  producing  elements,  the 

c^s,  which  cannot  be  in  either  A^  or  A^  .  Continuing  in  this 
m.anner,  we  eventuallj^-  obtain  =  1  elements  which  cannot  belong 
to  any  one  of  the  classes  A^,  A^,  A^  .  However,  this  element 


must. 

due  to  the 

method 

of  construction,  be  < 

one  of 

the  numbers 

1,  2, 

. . . ,  T  . 

Hence  we  have  a  contradiction. 

¥e  now  have 

K(n) 

3^+1 

>  for  n 

”  2 

M(n) 

> 

.n  1  „ 

3  +  T  for  n  > 

h  and  -M(n)  < 

[niel 

for 

n  >  1 

162 

** 

u  J 

~ 

We  list  the 

values 

of  these  functions  obtained  for 

the 

first 

few  values 

of  n. 

n 

3”  +  1 

2 

§L.  3"  ^  i 

162  ^  2 

[nle] 

1 

M(n) 

]. 

2 

2 

2 

2 

cr 

5 

5 

*5 

lU 

16 

ih 

li 

Ui 

Ilii 

65 

9 

5 

122 

131 

326 

9 

It  is 

clear  that 

[nje] 

will  be  much  larger 

than 

§7 

162 

3-  .  | 

L 
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v;hen  n  becomes  large*  Howevei-,  it  is  not  known  whether  [nje] 
can  be  replaced  by  some  qr.antity  which  will  be  considerably 
smaller  than  tor  sniiiciently  large  n  . 

he  should  now  like  to  consider  certain  questions  which  are 
closely  related  to  Schur’s  theorem.  In  the  proof  of  the  theorem 
it  was  shoT^m.  that  it  was  sufficient  to  take  consecutive 

positive  integers  in  order  to  obtain  a  contradiction.  We  should 
now  like  to  approach  the  question  somewhat  differently  in  order 
to  detemine  the  reason  for  choosing  the  number  Let  us 

now  assume  that  we  have  the  numbers  1,  2,  where  is 

taken  to  be  some  nuraber  which  is  sufficiently  large  to  force  at- 
least  one  solution  of  x  +  y  =  z  in  at  least  one  of  the  classes. 
We  may  ^jrite  n  +  ,  where  is  a  positive  integer 

and  where  we  must  have  0  <  <  (n-1).  I^et  us  assij.me,  for 

the  time  being,  that  Pi  >  proceed  with  the  argument 

used  in  the  proof  of  SchurLs  theorem,  ¥e  must  have  at  least 


I 


+  1 


elements  in  some  class  because  Pi  >  ^  order 


to  keep  the  form  similar  we  shall  want 


[w«] 


elements  in  some 


other  class  at  the  next  stage.  However  the  number  of  elementJ 


in  A  is  also  giA?-en  as 


+  1 


Hence  i^^e  must 


n-i  =  [w  ^ [y  ^  =  w-i  - 

=  a^n  +  so  that  ^  +  ij 

=  [a^  .  ^  .  l]  =  a,  .  1 


have  B. 


How  Bj^ 


Thus  we  must  have  Q-i  "  B^  ^ 


Also  we  take  p^  =  1  ,  this  being  the  smallest  possible  p^  value 
under  our  assumptions,  ¥e  choose  p^  as  small  as  possible  because 
we  want  to  obtain,  as  accurate  an  upper  bound  for  M(n)  as  is 


tv-f'y 


y.  ■ 


:  V  . 


_J. 


'  ,'  .  r  ‘V 


m.  '  ■" 

iHf.f 


ovJ 


:  1, 
IT  -  \ 


'  ^r- ..:f'4U-- '>'• 


'  .:rl' 


'  mV  ' 


i  ■  ".'l‘..;;«)  oc)‘ 
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possible,  lie  now  have  choose  Bq  =  1  in 

order  to  keep  B^  as  small  as  possible.  Thus  we  see  that 
Bj^  =  Tn  ,  The  only  other  possibility  is  the  case  =  0  , 

Then  Bj^  =  rn  for  some  positive  integral  r  ,  However  we 
would  have  to  have  r  >  +  1)  which  would  give  rise  to  a 

weaker  upper  bound  for  M(n) • 

h'ith  this  introduction  let  us  now  consider  the  estimation 
of  the  number  M  (n) ,  defined  to  be  the  smallest  number  of 
positive  consecutive  integers  starting  at  1  such  that  an 
arbitrary  m.ethod  of  splitting  the  M  (n)  numbers  into  n  classes 
results  in  at  least  1  solution  of  the  equation  x  +  y  =  z  in- 
one  or  more  classes  where  x^re  now  stipulate  x  #  y  •  The 
argument  leading  to  the  determination  of  Tj^  (the  upper  bound 
for  M  (n))  proceeds  as  did  the  argument  leading  to  the 


determination  of  the  Tj^ 
in  som-e  class ^  say 


However  if  we  have 


[I-] 


elements 


then  we  can  only  be  certain  of  being 


able  to  form 


lE-'l-) 


distinct  differences  which 


cannot  lie  in  beca-use  it  may  be  the  case  that  one  difference 

is  of  the  form  a  -  a_  =  a_  ,  in  which  case  the  difference  does 
lie  3_n  A, 


r  1  1 

Tie  obtain  an  ecuation  of  the  form. 


"l 

r-*  1 

1 

-2 

- 

1 

n-l 

w^hich  m.eans  that  we  must  have 


=  1 

+ 

i- 

„  1 

ai  .  1 

1 

J 

1 

1 

L“  J 

"n-1 


his 


equ.ation  leads  to  the  recurrence  relation 

(1.7)  T*  =  (t*_,  .  l)  n-H  . 

* 

Once  again  we  take  T^  =  1  •  The  first  fev7  values  are 


lA  r-^-i 


{tf>: 


F> 

f»' 


•■  .Oc;  j'- 


T*  =  3  ,  T*  =  9  ,  T*  =  31  ,  T*  =  129  and  T*  =  65l.  For 
n  =  1  and  2  it  is  I'ouxicl  that  .  talkei[_38j^  in 

coimcction  .'iU'  a  -voblera  pro^'osed  hosei[i6,i'^j  states  that 
!'^  (3)  =  (h)  =  67  and  b^(?)  =  197  and  further  states  that 

2M  (ri)  <  h  (n+1)  <  31-  (n)  for  n  >  2  .  Again,  3rauvi[  5  Jstates 

that  r  (n)  >  2(3^"  +  2n  -  1).  l:e  now  obtain  a  relation  between 

*  ^ 

■^n  -n  * 

*  ,  *  s  * 

h  “  (b.i  +  1)  n  +  1  =  n  T,_t  +  n  +  1 

T*  =  n((T*_2  +  l)(n-l)  +  1)  n  1  =  n(n-l)  1*_,  +  n(n-l)  +  2n  +  1 

T*  =  n(n-l)  ((1^3  -I-  l)(n-2)  -■  l)  +  n(n-l)  +  2n  +  1 
T*  =  n(n-l)(n-2)  +  n(n-l)(n-2)  +  2n(n-l)  +  2n  -i-  1 


If  we  continue  this  process  we  evidently  get 


=  n(n-l)..,(n-(n-l))T*_^^„,^  +  n(n»l) . . ,  (n-(n-l) )  +  2n(n~l) . . ,  (n-(n-2) 


* 

T 

n 


Now 

Hence 


(12 

=  ni  I  1  +  TT"  ^ 

\  01  li 

( 


+  ...  +  2n(n-l)  4-  2n  +  1 
2 


2  2 

+  —  +  . . .  +  - —  + 

21  (n-2)l  (n-l) 


2  2 

2T  =  ni  2  +  -  +  -  t  . ..  +  - 
n  V  11  2|  ( 


_h__  . 

n~l)  I  ni J 


h) 


(1.0)  T  -  2T  »1  . 

^  n 


The  following  remarks  pertain  to  what  z-^e  might  call  a  2 
dimensional  generalization  of  Schur*s  result.  He  try  to  m.ake  the 
2  dimensional  case  as  closely  analogous  to  the  1  dimensional 
case  as  is  possible,  be  consider  those  lattice  points  which  have 
both  co-ordinates  positive.  He  construct  an  ordering  relation 


t. 


I 
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among  these  -noints  as  follows:  Consider  any  2  lattice  points 

vjhich  we  shall  denote  by  I  y^^)  and  J  (x^,  y.).  We  say 

that  I  precedes  J  if  (Xj_  y^)  <  (x^  +  y^),  Ihirther,  if 

X.  +  y.  =  X.  +  y.  we  say  that  I  precedes  J  if  y.;  <  y.  • 

^  ^  J  J  J 

We  shall  say  that  I  +  J  =  ,  where  K  is  the  lattice  point 

having  co-ordinates  (xj^^  y^^)^  if  we  have  both  Xj_  +  Xj;  = 
and  y^^  vectors  are  drawn  from  the  origin  to  the 

points  in  question  we  see  that  we  have  defj.ned  a  vector  addition, 

Ive  further  speak  of  the  kth  diagonal  as  the  aggregate  of  points 
w^hose  co-ordinates  suia  to  (k  +  1),  T/Je  associate  the  single 

positive  integer  (k  +  l)  with  the  kth  diagonal^  k  >  1.  \Ie  now 

vjlsh  to  estimate  the  nrraber  of  lattice  points  required  to  force 
a  solution  of  the  form  I  +  J  =  K  in  at  least  one  class  when  x^e 
separate  the  lattice  points  into  n  classes  in  en  arbitrary  manner, 
Let  us  first  consider  the  case  where  xie  separate  the  lattice 
points  in  such  a  way  that  all  the  diagonals  remain  intact.  If 
refers  to  the  smallest  number  of  diagonals  required  to  force 
a  solution,  x^e  find  that  -  3  ^nd  =  9-  In  order  that  a 
solution  exi.st,  'we  must  have  I,  J  and  K  in  one  class  where 
(Xi  +  yj_)  +  “  ^^k  ^k^*  Furthermore,  this 

condition  is  sufficient,  .'e  xdll  alxrjays  have  the  points  (a-1,  1) , 
(b-1,  1)  and  (c-2,  2)  at  our  disposal  if 

2^.  +  y.  =  1  \  ^k  ~  ^  force  the  equations 

1  j 

x^  +  x^  =  x^  and  y^^  +  "  yk  hold.  It  therefore  suffices 

to  X'jrite  dox-jn  enough  of  the  consecutive  positive  integers 
2,  3,  U,  ...  to  force  a  solution  of  the  form  x  +  y  =  z.  Hence 
this  part  of  the  2  —dimensional  problem  reduces  to  a  problem 
srmilar  to  that  of  Schur,  except  that  -we  novi  start  with  the 
number  2  ,  If  we  have  r  elements  in  some  class  and  form  the 


L 


itU-' 
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(r-l)  distinct  "first  differences"  we  may  produce  a  difference, 
namely  the  number  1,  which  does  not  belong  to  the  original  set 
of  integers.  Hence  we  may  produce  only  (r-2)  differences 
which  must  belong  to  the  other  (n-1)  classes.  For  this 
reason,  the  recurrence  relation  concerning  the  number  of 
diagonals  required  to  force  a  solution  is  exactly  the  same  as 


for  the  . 

If  we 

denote 

x^e  shall  have  A 

0  =  1' 

perhaps  interesting 

that  Q 

shorn,  whereas 

1! 

2U. 

2 

h 

10 

3 

5 

11 

8 

6 

12 

9 

7 

13 

20 

22 

lU 

21 

23 

15 

26 

2h 

16 

27 

25 

17 

18 
19 

^  >  28  ,  as  seen  by  the  example 


It  is  sufficient  to  take  the  first  — — —  +  2  elements  in 

2 

order  to  force  a  solution. 

If  we  now  consider  the  general  situation  where  diagonals  need 
not  remain  intact  we  see  that  a  solution  is  forced  when  we 
dispose  of  the  element  (T^^,  by  analogy  with  the  one 

dimensional  case.  The  number  of  elements  required  by  the  upper 
estimate  in  this  case  is  2  Tj^(Tj^“l)  +  1. 

We  noxf  discuss  a  more  general  theorem  due  to  Radof  2iJ, 
concerning  problems  of  which  Schur’s  problem  is  a  special  case. 

An  equation  is  said  to  be  k-fold  regular,  k  any  positive 
integer,  if  it  is  possible,  by  taking  a  sufficient  number  of 
the  consecutive  positive  integers  1,  2,  ...  and  separating 


''"h 
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them  in  an  arbitrary  manner  into  k  classes,  to  force  at  least 
1  solution  of  the  equation  in  at  least  one  of  the  classes.  If 
an  equation  is  k-fold  regular  for  all  possible  values  of  k  we 
speak  of  the  equation  as  being  regular. 

In  the  present  discussion  we  restrict  ourselves  to 

considering  linear  homogeneous  equations  ^ri-th  rational 

coefficients.  We  now  consider  some  examples,  Schur’s  theorem 

states,  in  terms  of  the  present  definitions,  that  the  equation 

X  +  y  =  z  is  regular,  Brauerj^e, 3] showed  that  the  equation 

X  +  ay  =  z  is  regular.  Consider  now  the  equation  ax  +  by  =  0, 

If  a  +  b  =  0  then  the  equation  is  regular  because  a  solution 

(in  positive  integers)  is  provided  by  taking  x  =  y  =  1,  If 

a  +  b  0  and  a  and  b  are  of  like  sign  then  the  equation 

cannot  be  solved  when  we  restrict  x  and  y  to  having  positive 

integral  values «  Fina3_ly  let  us  consider  a  +  b  =/•■  0  but  a 

and  b  of  opposite  sign.  ¥e  write  j  -  “  ^  x  =  cx  where 

b 

c  >  0.  ¥e  may  assume,  i/jithout  loss  of  generality,  that  c  >  1 
(if  c  <  1  we  interchange  the  r5les  of  x  and  y) .  The 
equation  is  1-fold  regular.  If  a  >  0,  b  <  0  choose  x  =  -b 
and  y  =  a  to  obtain  a  solution,  ¥e  now  show,  by  means  of  a 
distribution  of  all  positive  integers,  that  ax  +  by  =  0  is 
not  2-fold  regu.lar  subject  to  our  assumptions  about  a  and  b. 

¥e  have  just  2  classes,  say  A  and  B,  and  we  want  to  split 
all  the  positive  integers  so  that  we  cannot  find  x  and  y  =  cx 
in  the  same  class.  Any  positive  integer  m  satisfies  the 
relation  c^  <  m  <  c^"^  for  some  CT  >0.  ¥e  put  into 

class  A  all  those  positive  integers  which  are  associated  with 
an  even  value  of  cT  ,  Then  the  numbers  associated  with  an 
odd  O'  value  appear  in  class  B  .  However  x  and  cx  are 
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associated  with  :  2/  cT  values,  one  of  which  is  always  even.,  the 
other  being  odd*  Hence  T'TO  can  never  find  x  and  y  =  cx  in 
the  same  class.  Thus  ax  +  by  =  0  is  not  2-fold  regular  for 
a  +  b  ^  0,  a  and  b  of  opposite  sign. 

We  now  state  and  prove  a  theorem  of  Radoj^  2i 

TIIFOREM  1.2: 


If  we  are  given  the  arbitrary  but  fixed  positive  integers 
a,  b  and  c  then  there  can  always  be  found  a  positive  integer 
N  such  that  the  equation  ax  +  by  =  cz  is  2-fold  regular  where 
x,  y,  z  <  N.  It  is  always  possible  to  find 
X  ,  z  such  that  a:c  +  by  =  oz^  .  If  A  =  mazCx^,  Zq) 


and  if  m  is  the  least  comrn.on  multiple  of 


then 


(a,b) 


and 


(b,c) 


(1.5) 


max 


bm 

c 


(A2-1)(A-1)  + 


bm 


A, 


^(a,b)  denotes  the  greatest  common  divisor  of  a  and 

As  a  simple  example,  consider  the  equation  2x  +  y  =  Jz. 
Here  we  have  a=2,b=l,  c  =  5  so  that  (a,b)  =  (b_,c)  =  1 
and  m  =  10.  The  solution  (x^,  3^0^  ^o^  equation  which 

proTT-des  for  the  sm.allest  value  of  A  is  (2,  1,  1).  Hence 
A  =  2  so  that  N  =  20.  Hence  we  m^ay  conclude  that  if  the 
numbers  1,  2,  20  are  split  into  two  classes  in  any 

arbitrary  manner  then  we  will  have  a  solution  of  2x  +  j  -  $z 
in  at  least  one  of  the  classes.  By  considering  various  "small” 
solutions  of  the  equation  one  finds  that  1^  is  the  sm<allest 
number  of  consecutive  positive  integers  required  to  force  a 
solution.  Let  us  refer  to  the  classes  as  B  and  C,  If,  hy 


taking  x  =  a,  y  =  ,S^  z  =  y  obtain  a  solution  of 


£  ■ 


I 


^  'O 
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2x  +  y  =  5-  we  shall  use  the  notation  (a^  p,  y) ,  (2,  1,  1) — ► 

1  and  2  cannot  be  in  the  same  class.  Let  us  put  1  in  B, 

2  in  C.  Then  (1,  3,  l)' — is  in  C,  (U^  2,  2) — ►!;  is  in  B, 

(5,  5,  3)— ^5  is  in  B^  (2,  6,  2) — ^6  is  in  B,  (7,  6,  h) 

— ►?  is  in  C,  (8,  l\,  U) — ►Q  is  in  C,  (3^  9,  3) — ^9  is  in  B, 
(5,  10,  h] — ►lO  is  in  C,  (2,  11,  3) — ►!!  is  in  B,  (H,  12,  k) 
—►12  is  in  C,  (6,  13,  5)— ^13  is  in  C,  (I4,  7,  7) — ► 

1)4  is  in  B.  ■'e  are  able  to  produce  the  array  shown  without 
forcing  a  solution  but  the  solutions  (10,  1$,  7)  s.nd  (5,  l5,  5) 
make  it  impossible  to  continue. 

B  C 

1  2 

h  3 

5  7 

6  8 

9  10 

11  12 

III  13 

¥e  proceed  to  prove  the  theorem. 


PROOF : 


It  will  suffice  to  show  that  if  we  separate  enough  of  the 

numbers  1,  2,  ...  in  an  arbitraiu?'  manner  into  two  classes  we 

shall  force  a  solution  of  the  eouation  ax  4  b^r  =  cz  .  V^e 

assujne  that  there  is  a  separation,  which  we  denote  by  S,  of 

a  certain  number  of  the  positive  consecutive  integers  into  two 

classes  "r  and  .  ¥e  assume  that  there  is  no  solution  of 
1  2 

ax  +  by  =  cs  in  eitlier  and  and  proceed  to  obtain  a 

contra^diction.  Let  C  be  an  arbitraipr  positive  integer. 

Then  the  numbers  C ,  20 ,  3C ,  ...  AC  cannot  all  lie  in  one 
class  because  as  A  =  max(x^,  would  then  have 


} 


\-y ' '  0 '  ■’'v ^ 


20 


XqC_j  y^C  and  ZqC  in  one  class  :.ni  a  solution  to  the  equation 

vjcild  be  afforded  h^'  taking  n  =  --q-j  7  -  ^o^  -  “  ^o^ 

because  aaz^  +  by^  =  cz^  trip].ies  a(xQr')  +  b(3r^C)  =  c(ZqC), 

bx 

'lotT  put  X  =  m.  Consider  the  quantity  —  .  From  the 

a 

a 

definition  of  m  we  must  have  m  =  -  ,  for  some  positive 

^  (a^b) 

integral  ,  Hence  —  =  7 — ry  k.,  —  .  Also  it  must  be 

^  ^  a  (a,b)  a 

the  case  that  (a-,b))b.  Hence  is  integral.  Similarly  — 

•  a  c 

is  integral.  e  can  put  x  in  xaithout  loss  of  generality 

and  so  xje  do  this.  Tlien  x-re  knox^  that  not  all  the  numbers 

m,  2m^  ...  Am  can  be  in  from  the  first  argument.  Let 

Y  =  Jl-r  ,  where  2  <  ji  <  be  the  first  of  these  numbers 

which  lies  in  We  form  the  number  —  (3^-x)  =  —  '/-l)m 

a  a 

which  is  seen  to  be  a  positive  integer  and  then  consider 
t  /? 

z  =  n  —  (y-x)  =  n  —  where  n  is  an  arbitraipr  positive 

integer.  Tie  assurae  that  z  is  in  and  drax^r  some 

concl-xxslons ,  The  numiber 


(1.10)  -  z  +  ~  y  =  -  n  -  -l)mi  +  ~  m 

c  c  c  s,  c 

=  ^(n/-n+/)  =  ^  (n(/-l)  +/) 

is  a  positive  integer.  If  this  number  is  in  R2  then 

a  b 

au  +  bv  =  cw  xfhere  u  =  z^  v  =  j  and  x-r  =  —  ^  +  r  3^  .  Hence 

)  c  c 

±  z  +  a.  V  must  be  in  I.,  .  The  number 
c  c  " 


^  a  \  c  c  /  a 

X  =  z  +  (^r-x)  =  (n+1)  - 

a  a 

(y-.x)=(n+l)  ^ 

is  a  positive  integer  uhich 

mu.st  be  in  ^Rg .  If  not,  ' 

>76  shall 

.  c  /a  b  \ 

b 

have  au  h-  bv  =  cxj  in 

>7here  u=  — z  +  --y/ 
a  \  c  c  V 

-  ~  X.V  =  X 

cl 

a  b 

and  Xv’  =  —  z  y* 

c  c 

just  been  shoxy  to  be  in 

R,__.  The 

assum.pticn  that  z  =  n  —  (/^ 

a 

-l)m  x-jas  in  R^  leads  u 

s  to  conclude 

'io 
,  -i  ■ 


V 


bn. 


Ji'  .w--  'bi'. 
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(n-:-!)  (/-l)in  is  c.lso  in  R^.  To  effect  the  proof  we  now 

a  '■ 

b  ,  X 

take  C  =  7  (y-x)  .  Then  a  =  nC  and  aswsn.ming  that  nC  is 

cL 

in  forces  (r.+  ])C  to  be  in  Rg  al.eo.  :'''^ow  we  know  that 

C,  2C  y  ,,,  AC  ca^"'not  all  lie  in  R^.  Hence  there  must  exist 

some  positive  integer  n^  <  A  such  that  n^C  is  in  "r^.  Vrj 

onr  inductive  step^  n^C  in  R^  implies  (n^  +  1)C  in  R^. 

If  we  take  n  =  n^,  11^+  1,  ...  2n^,  ...  3no,  ...  (AnQ-l) 

successively  we  find  that  the  numbers  n^C^  (n^  +  l)C^  nQ^C, 
...  3CnQ5  ...  ACn^  all  lie  in  Rs  .  Hence  we  shall  have 
Xo(noG),  3^0 (^o-')  *^2 

have  forced  a  solution  of  the  equation  in  the  class  R2*  The 

larger  numbers  involved  in  the  construction  give  us  an 

estimate  of  the  number  of  positive  integers  required.  VJe  have 

used  the  numbers  x  =  m^  j  =  nC  =  n  5.  (y^-l)m^ 

a 

^  ^n(/f-l)  +/J  and  (n+l)C  =  (n+1)  7  (/ ~l)m.  We  maximize 


these  quantities^  obtaining  m,  im,  -  (A2~l)(A-l)m5  ~  (A^-l) (A-1) 

a  c 

+  ~  A,  and  ~  A2(A-l)m  . 

c  ’  a 


A  sufficiently  large  number  of  positive  integers  mil  be 


considered  if  we  choose  the  maximura  available  among  these 
quantities.  We  denote  this  number  hj  N.  Then 


N  =  m.ax. 


bm 

c 


(A2_1)(A-1)  +  12!  A, 

C 


Hence  the  theorem,  is  proved. 

The  results  noted  ma-y  be  summarized  by  saying  that  the 
n 

equation  Z  a^  x^  =  0  ^  where  the  coefficients  a^  are 

v^=l 

rational^  is  2-fold  reg\ilar  if  and  only  if  at  least  one  of  the 
folloi^d.ng  conditions  holds: 


O'V 
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(ii)  At  least  three  of  the  coefficients  are  nonzero  and 

the  a^  are  not  all  of  the  same  sign. 


PROOF: 


n 

If  neither  of  (i),  (ii)  holds  then  Z  a.  /  0  and 

1 

not  more  than  ti^o  coefficients  are  nonzero,  ¥e  allox-j  these 

n 

coefficients  an3r  sign.  Z  a^  /  0  implies  the  existence  of 

v=i,  ,/ 

at  least  nonzero  coefficient.  We  have  just  two  possibilities,  / 

A 

(a)  =  0  ^  0 

(b)  x^  =  0  f  0  . 


In  (a) ,  x^  =  0  is  the  only  wajr  of  having  the  equation  hold 

and  the  variables  are  restricted  to  positive  integral  values. 

Hence  (a)  is  not  k~regular  for  any  k  whatsoever.  In  particular 

it  is  not  2 -fold  regular.  If  a^  and  a^  are  of  like  sign 

in  (b)  then  the  conclusions  of  (a)  with  respect  to  regularity 

are  applicable.  If  a^  and  a^  are  of  opposite  sign  we  do 

not  have  2 -fold  regularit^f  by  the  example  done  previously.  If 

(i)  holds  then  the  equation  is  regular  because  it  suffices  to 

take  Xy  =1  for  1  ^  --  (ii)  i^  satisfied  we  m.a^r 

r  s 

always  put  the  equation  in  the  form  Z  Ip  ~  2  2^ 

^  ==1  ‘  ‘  (i'=\ 


where 


c^  are  positive  integers. 


Take  y„  =  y 
2  ^  Z> 


1 


and  z  =  z^  =  ...  =  z  ,  We  then  obtain  an  eouation  of  the  form 
1  ^  s 


Tr 

‘^'2 


which  is  2 -fold 


regular  being  of  the  form  of  Theorem  1,2 
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CHAPTEi^  II 

Introduction.  In  this  chapter  we  first  consider  two  results 

concernini^'  a  theorem  of  van  der  ’Ljaerdenj33-3^.  These  results 
are  lower  bou.nds  for  the  van  der  -Jaerden  fimctj.on  '.(k,/).  The 
second  part  of  the  chapter  is  a  discussion  of  a  number  of 
results  dealing  with  "progression-free”  sets, 

lie  begin  by  stating  a  theorem  of  van  der  ¥aerden|33"3^, 

THFORHI  2.1: 

Given  any  two  arbitrary  positive  integers  k  and  /  ,  there 
e:d.sts  a  positive  integer  m  such  that^  if  amr  m  consecutive 
integers  are  separated  into  not  more  than  k  classes  in  any 
manner  whatsoever,  then  at  least  one  class  will  contain  at  least 
(£  +  1)  numbers  which  form  an  arithmetic  progression. 

The  proof  of  this  theorem  I'd.!!  not  be  given  here.  Proofs 
appearing  in  the  literature  include  those  of  Lukomskayaj]  1 4  J, 
¥ittj['39j,  and  Gru.nwald  in  a  paper  of  Bado|]22  J. 

¥e  shall  denote  by  ¥  =  ¥(k,^  )  (van  der  waerden’s  function) 
the  least  number  m  possessing  the  property  mentioned  above. 

The  existing  proofs  of  van  der  ¥aerden’s  theorem  lead  to 
extremely  large  upper  estimates  of  ¥.  ¥e  concern  ourselves 
only  with  lower  estimates  for  ¥♦ 

Erdos  and  Rado(]  1 1  Jhave  proved  the  following:  let  k 

and  £  be  integers  not  less  than  2,  and  let  m^  be  the  largest 

,  I 

integer  such  that  m^^  <  2/k  .  Then  there  exists  a 

distribution  of  the  set  ^o}  more 

than  k  classes  such  that  no  class  contains  (/  +  1)  elements 

.  That  is , 


in  ariti-imetic  progression 
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(2.1)  ;j(k, /.)  >  (2//) 


PF-OCF: 


Since  =  X  +  1  and  '((k,!)  =  k  +  1  we  are  just 

excluding  these  trivial  cases  by  having  k,  /  >  2,  'e  assume 
that,  given  any  distribution  of  the  set  S  =  |l,  2,  , . . ,  m| 

into  not  more  than  k  classes,  there  ejist  positive  numbers 
c  and  d  such  that  c,  c  +  d,  ...  ,c;Xd  are  all  elements 
of  a  single  class.  iJe  show  that  m^  >  2)ak  .  'ie  have 
m  >  /  +  1  because  othenvise  it  xTOuld  certa-inly  be  impossible 
to  have  an  arithmetic  progression  containing  (/+  1)  elements. 
The  largest  element  of  the  progression  is  to  be  of  the  form 
(c  +  /d) .  Clearly,  d  is  confined  to  the  range  -  <  c?-  <  [xJ- 
Given  any  particular  d  value  in  the  range,  the  number  of 
arithmetic  progressions  of  (/  +  1)  term.s  with  cornmon  difference 
d  and  elements  in  S  is  (m  -j^d).  Hence  the  total  number 
of  such  progressions,  for  varying  d,  is 

[x] 

M  =  Z  (m  -  /  d)  <  m  -  -  llzl  ( ISzi  ^  1  ^ 

d=  i  -  X  ^  I  \  i  J 


(2.2) 


M  <  (2m-m+l-/)  <  5^-^'  <  S!  . 

-  2L  2L  2L 

The  total  nujnber  of  wa^rs  of  splitting  the  set  S  into  not  more 
than  k  classes  is  k^,  He  now  insist  upon  having  an 
arithmetic  progression  of  (/  +  1)  elem.ents.  As  mentioned 
above,  we  have  M  choices  for  such  a  progression.  The 
remaining  m  -(/  +  1)  elements  may  occur  in  any  class  and 
hence  we  have  a  factor  of  Finally,  we  have  k 

choices  regarding  the  class  in  which  the  progression  is  to  be 
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found.  \<e  now  must  have,  because  of  our  initial  assumption, 
(2,3)  k  M  >  Ic^ 

/  2  iy 

Thus  k  <  M  <  ^  so  that  >  2/k  ,  as  required. 

r  1 

We  now  discuss  a  result  of  Moser proved  that, 
for  a  suitable  constant  c^, 

c^log  k 

(2.U)  ¥(k,i)  >  W(k,  2)  >  k 


PROOF : 

2m2 

Consider  the  numbers  1,  2,  2  -1  .  Any  integer 

x  in  this  range,  when  written  in  the  base  2^^,  is  of  the  formi 


(2.5) 


X  = 


^2N 


|(t.2N-1 


(2iN) 


+  a, 


2N. 


.i(2K) 


2N-2 


a2(2N)^  ^  a^(2H)0  , 


where  the  coefficients  a^,  (1  <  <  2N),  must  satisfy 

0  <  a^  <  (2^'-l),  For  each  x  we  define  a  "signature”,  s(x), 
in  the  follovTing  way:  let  2  a^(mod  2),  then 


(2.6) 


s(x)  = 


2H-1 


2N 


2N-2 


62(2”)' 


6. (2«)° 


Vie  also  define,  for  each  x  ,  a  "modulus",  m(x),  given  by 

2H 

(2.7)  m(x)  =  f 
r=l 

¥e  proceed  to  separate  the  (2^^^  -1)  numbers  being  considered 
into  classes,  putting  two  numbers  in  the  same  class  if  and  only 
if  they  have  the  same  signature  and  the  sam.e  m.odulus,  VJe 
proceed  to  prove  that  no  three  distinct  elements  of  a  single 
class  can  be  in  arithmetic  progression.  VJe  assume  that  there 

e:!dLst  distinct  elements 


) 


I 


! 


v,v.X;.  ■ ;,  r  i  'i'::r'  X  '"•'vt' ■■  ^  ■^ 

:  '/'X  '■  ■";  ^0':ul<y. r  '  ■  ■ 

.  '  ' ;  "Xx  ■;  r-  ’'  ■■  ' '  ■:il  f‘  '■ 


x.:r'.  xxx'  i -■  '  -  ■  '  :  ■  ■  .V  .■  •'  -> 
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2N  n  2N  , 

B  =  2  (2^’)  ,  C  =  Z  (2®) 


and  D 

in  the 

same  class 

such  that  B  +  C  = 

2D. 

Then 

have 

D  = 

2N  b_ 
2 

I'pN'ir-l 

br 

°r 

r=] 

2  )  , 

2 

being  integral 

for  all  r 

since  the  signatures  of  B  - 

are  equal.  By  assumption  we  must  have 

(2.8) 

m  (D) 

=  m(B)  = 

m(C) 

2N 

'  2K 

2N 

Z 

=  2  (bP" 

= 

Z 

r=l 

\  2  / 

r=l 

r=l 

Now 

I  211 

1 

2N 

r=\' 

1  2  J 

“  Z  b  + 

2  r=l  " 

2 

Z  b. 
r=l  ■ 

?( 

'  b  +  c 
r  r\ 

■,  2H 

i  7  «  2  + 

1 

2N 
y  "h 

r=l  ' 

.  2  J 

^  r=l 

2 

2j  D. 

r=l  ■ 

Thus  we  must  have 


(2.9) 


2N 

2  c 
T  r  r 
r=l 


2N 

Z 

r=l 


and 

2K  2N 

(2.10)  Z  b  c  =  2  c/ 

r=l  ^  r=l 

2K 

These  two  equations  require  that  2  (b  -  c  =  0  w'hioh, 

-I 

r=l 

in  turn,  requires  that  b^  =  for  all  r  .  Hence  for 
(2,8)  to  hold  we  must  have  B  =  C.  Thus  we  hax’^e  arrived  at 

the  required  contradiction.  IJe  proceed  to  determine  the  number 

2N 

of  classes  constructed.  The  number  of  signatures  is  2 


7,  -y 
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pi'j 

and  the  rjimber  of  possible  moduli  is  less  than  2N*2'"  .  Hence 
the  number  of  classes  is  less  than  2IJ*2^^  <  2^^  , 

Given  k  =  2"'  H  is  uniquely  determined  by 

(2.11)  <  k-  <  2^“  . 


P't2  C'iJ 

Since  ve  are  able  to  nut  numbers  into  classes  we  have 


r'tr 


(2>^  2)  >  However,  22^1"  =  >  (k' )  ' 


(cy) 


,2N^ 

:^l0g  k  + 


oglog  k 

k  where  c^^ 

5N 


are 


suitable  constants.  Also,  since  k  >  ,  we  have  l-(k,  2) 

>  ;j(2?N,  2).  Finally,  we  majr  write  V"(k,  2)  >  ,  A 

theorem  of  P.oth[23-2^which  we  discuss  later  in  the  chapter  make£ 


c^k 


it  possible  to  show  that  i;«(k,  2) 


<  e- 


for  a  suitable  constant  c 


It  is  interesting  to  compare  the  two  lower  bounds  discussed, 
(2.1)  and  (P.L.),  The  former  is  relatively  insensitive  to  changes 
in  k  whereas  the  latter  is  total.ly  insensitive  to  changes  in  /  , 
Thus,  depending  on  the  relative  size  of  k  and  /  ,  we  choose 
between  (2.1)  and  (P.lr). 

We  define  a  ’’progression-free"  or  ”  non-averaging"  set  to  be 
a  set  of  non-negative  integers  S:  o<s^<S2<.,,  which  does 
not  contain  the  average  of  any  two  of  its  elements,  i.e. 


s.  4-  s.  f  2St  (i  ^  j).  Thus  no  three  elem.ents  of  such  a  set 
form  an  aritlimetic  progression.  TJe  denote  by  (N)  the  number 
of  elements  of  a  "progression-free"  set  which  do  not  exceed  II  . 

We  proceed  to  discuss  various  lower  and  upper  estimates  for  the 
function  V  (N),  Salem  and  Spencer  26,2*^  proved  that,  for 
every  6  >  0  and  sufficiently  large  N  , 

3  „  ^  ^ 

log  log  H 

(2.12)  y(N)  >  N 


I 


1 


^  .f.n  ■>  •  -f  T  ■  ..  ;  . 


V;e  consider  a  reiinement  due  to  Pehrond 


CO. 


uho  proved  that  for 


every  6  >  0  and  sufficiently  large 


(2.13)  V(N) 


2  log  2  6 

\4'og  JT 


T^^king  n>2,  ^3^2  we  consider  all  numbers  of  the  form 

n  . 

(2ali.)  B  =  Z  b.  (2d>-l)^“-^ 
i=l  ^ 

where  the  coefficients  b^  must  satisfjr,  ^  £  (d~l) , 

(1  <  i  <  n).  be  associate  Tilth  each  such  number  a  "norm”,  defined 

n 

as  (norm  B)^  =  k  =  Z  b.^,  ¥e  seoarate  the  numbers  of 

i-1  ^ 

the  above  type  into  sets,  putting  two  numbers  in  the  same  set  if 
the^r  have  the  same  "norm" .  ,;e  denote  a  set  with  "norm"  equal  to 
\/k  by  Sj^(n,d).  We  now  prove  that  any  such  set  S^(n,d)  , 

(0  <  k  <  n(d-l)^)  ,  is  a  "progression-free"  set.  We  assum.e  that 
there  exist  three  elements,  say  A,  A’  and  A"  in  Sj^(n,d) 
such  that  A  +  A’  =  2A",  We  show  that  these  conditions  imp?-'/ 

A  =  A’  =  A".  Since  A  +  A’  =  2A"  we  must  have  norm  (A  +  a’)  = 
norm  (2A"),  In  general,  norm  B  =  ^b^^  +  bg^  +  ...  +  b^^^  so 
that  norm  2b  =  ^(Zb^)-  +  (Zbg)^  +  ...  +  (2b^)^  =  2  norm  B. 

Hence  norm  (A  +  A')  =  2  norm  A"  =  2-~Jk  because  A"  is  an 

element  of  S|^(n,d),  However,  2\/k  =  norm  A  4-  norm  A’  so  that 

A  +  A’  =  2A"  implies  that  we  m,ust  have 

(2.1$)  norm  (A  +  A’ )  =  norm  A  +  norm  A»  . 

Emplojd-ng  the  t^ipe  of  argument  used  in  the  proof  of  W(k,  /  )  > 

C/log  k 

k  ^  we  find  that  the  triangular  inequality 

(2.16)  norm.  (A  +  A’)  <  norm  A  +  norm  A* 
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holds  generally  and  that  e;  i^ality  h^lds  only  vjhen  •*-he  coeiTi.cienbs 
of  A  and  A’  are  'oroportioral.  9ox;ever,  since  norm  A  -  norm  j 
’vje  must  have  a  =  A  ’ . 

The  range  of  k  shox-js  that  x-je  have  produced  (n  (d-l)^  +  1) 
progression-free  sets.  The  number  of  non-negative  integers 


involved  in  these  sets  is  d^.  hence  there  exist  at  least 


d^ 


n(d-l)2  +  1 

elements  in  at  least  one  of  these  "progression-free"  sets.  Since 
(n  (d-l)''^  +  1)  is  less  than  n  d^  for  the  ranges  of  n  and  d 


elements  in  some 


under  discus sion^  we  must  have  more  than 
Sj^(n^d).  The  largest  positive  integer  is 


(d-l)  1+  (2d-l)'+  ...  +  (2d-l)^~^  =  <  (2d-l)"  . 


ie  have  thus  shown  that  V((2d-1)^) 


jH- 


Let  N  b! 


given.  Since  n  and  d  are  at  our  disposal,  we  take  n  = 

d  such  that  (2d-l)^  <  K  <  (2d  +  1)^.  Now  d  > 


F 


2  log  a 

log  2 


which  enables  us  to  write 


(2,17)  ^)(I'!)  >  •>>((2d-l)“)  > 


(ij"  _  1) 


a-2 


n-2^ 


-2 


'-S 

n-2‘ 


^  -  n  2 

N  (l-V") 

,n-2 


’n—  J 
1  ^ 

Consider  the  quantity  (1  -  — r)  .  For  sufficiently  large  N 

N" 

we  have,  expanding  using  the  binomial  theorem. 


:2.i8) 


hr 


=  X  .  (n-2)  (-1 


21 


(?) 


.  .  T  0  • 


Since  the  teirnis  alternate  in  sign  and  decrease  in  magnitude  we  ma^r 

‘'‘-2  (r^-2) 

>  1  -  — T"  •  Since  n  = 


write 


(-?) 


N  ^ 


n"  acts  as  2^  for  sufficiently  large  i'l.  Hence 


1/2  log  IT 
V  log  2 

("  ■ 


iH  I  OJ 
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rl-K 


for  such  N.  Thus  (N)  : 


n*2 


n-1 


for  sufficiently  large  N, 


Since  log  (n»2^-“^)  =  log  n  +  (n-l)  log  2  x^e  vjrite 


(log  n  +  (n-l)log  2)  ,  Hence 


.n-l  „  ^og  N 
n*2  =  li 


(2.19)  >^(N)  >  N 


n  log  N 


log  n  ,  ^ ,  log  2 

~(n-l)  - y 


From  (2,19)  we  see  that  for  any  6  >  0  and  wSufficiently  large 
N  we  have 


(2.20)  V(N)  >  N 


2\P  ^ 

V^og  M 


Moser  [18]  has  given  a  constructive  definition  of  a  "progression- 
free"  sequence  for  which 


(2.21)  V(H)  >  JJ 


■log  N 


for  c  a  fixed  positive  constant. 

Upper  estimates  have  been  given  by  Erdos  and  Turan 
who  found,  for  every  4.  >  0  and  N  sufficiently  large,  that 
V(N)  <  (I-)  H,  and  by  Moser  who  proved  that 

V(n)  <  ~  N  +  5.  Finally^  Roth[23-2^nroved  that  any 

"progression-free"  set  must  have  zero  asymptotic  density.  More 

precisely,  if  u  ,  u_,  u  .  .  are  distinct  positive  integeri 
^  ^  v("-) 

not  exceeding  x  and  if  the  eouation  u.  +  u.  =  2u,  has  no 

1  3  n 

so3.ution  with  i  /  i  ,  then  V  (x)  =  ofr ]  ,  TJ,«= 

^  Vloglog  xj 

result,  Varnavides  [^37jhas  proved  the  following: 


THEORm  2.2: 


Let  S  be  any  niunber  with  0  <  S  <  1  and  let  a_ ,  a_  .  ...  a 
be  distinct  positive  integers  not  exceeding  x.  .Suppose  that 
x>x^(5)  ,  in>Xx,  xfhere  x^(  ^ )  depends  only  on  ^  .  Then 
the  number  of  solutions  of  a^  +  =  2a^  ,  i  ^  j  is  at  least 

C  (6)  X  log  X  ,  where  C  (  S  )  is  a  positive  number  depending  only 
on  X  • 

PROOF: 

It  follows  from  Roth's  theorem  that  in  any  sequence  of 

positive  asjnnptotic  density  there  must  occur  at  least  one  solution 

of  u.  +  u.  =  2u,  vrith  i  ^  .1 .  We  restate  Roth’s  result  in  a 

convenient  form:  Let  S  ’  be  any  number  satisfying  0  <  S  ’  < 

and  let  b^,  b^,  *  *  *  ^n  distinct  positive  integers  less  than 

X.  Suppose  that  x  >  x^  (  ^  ,  n  >  S  ’x  ,  where  x^(  ^’)  is  a 

certain  number  which  depends  only  on  <5  ’ .  Then  there  exists  at 

least  one  solution  of  bj_  +  b^  =  2b^  with  i  /  j  .  W^e  now  choose 

an  integer  k  =  k(  S  )  ^  only  such  that  k  >  x^(  -1).  Then  the 

result  above,  with  k  replacing  x,  _£  replacing  S  mil  be 

2 

applicable  to  any  set  of  n  integers,  where  n  >  5 'x  =  £!s  . 

\'Je  define  a  number  r  so  that  ^  »  Any  integer  t  not 

exceeding,  x  has  a  unique  representation  of  the  form 

(2.22)  t  =  c  +  c  k  +  ...  +  0  ,  k’'"^  +  d  k?" 

o  1  r-1 

where  0  <  c.  <  (k-1)  ,  (0  <  i  <  -"1)  where  0  <  ci  <  k”^  x 

Consider  a  number  V  which  may  assume  any  one  of  the  values 
0,  1,  ...  (r-1).  For  any  particular  value  of  V  ,  we  separate 


-  3?  - 


the  integers  not  exceeding  x  into  classes  by  putting  in  the  same 

class  those  integers  for  which  d  and  all  of  c^,  c^,  ...  , 

except  c  y  ,  have  the  same  values.  The  total  number  of  classes 

will  thus  be  [k“^x  +  ij  •  It  is  clear  that  no  class 

contains  more  than  k  elements,  \[e  define  a  "good”  class  to  be 

Ck 

a  class  which  contains  more  than  numbers  of  the  given  set 

2 

of  positive  integers  ^2’  ^m  *  II  ^  class  is  not  "good", 

it  is  said  to  be  "bad",  Fven  if  all  the  classes  were  "bad"  the 
total  number  of  elements  of  the  set  a^,  a^  could  not 

exceed 

(2.23)  [k-’^x  +  1]  —  <  i  (x  +  k’^)  . 

2  “2 


If  we  denote  by  N  the  number  of  "good"  classes,  the  number  of 
a’s  contained  by  these  classes  cannot  exceed  Nlc,  Hence  we  must 
have 


(2,214.)  ~  (x  +  k^)  +  I'Jk  >  m  >  S  X 

2 

which  implies ,  using  the  fact  that  k^  <  —  ,  that  N  >  7-  x  k"’"*' 

2  ^  h 

If,  in  any  "good"  class,  we  vary  Cy  ,  ^  ^  y  5  k-l) ,  then 

a 


we  must  produce  more  than 


elements  of  the  set  a_ ,  .  a 

1  ^  2  m 


because  of  the  definition  of  good  class.  The  restatement  of 

Roth’s  result  is  applicable  to  the  Cy  values  so  that  there  must 

be  three  of  these  values  which  are  in  arithmetic  progression.  It 

is  clear  that  the  corresponding  a»s  v-iill  also  be  in  arithmetic 

h* ) 

progression.  If  we  denote  by  the  Cy  value  corresponding 

to  we  must  have 
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(2.25) 


a.  -  a . 

1  3 


k 


and  since  1  < 


I  <  (k-1) 


(2.26) 


V+1 


Hence  for  each  V  we  must  have  at  least  M  soliitions  of 
a.  +  a.  =  2a,  ,  i  /  j  which  satisfy  (2.26).  Frora  (2,26) 

1  j  ri 

we  see  that  as  V  is  varied  the  solutions  obtained  will  all  be 
distinct.  Hence  the  total  number  of  solutions  is  at  least 


(2.27)  r  H  > 

IVom  the  relation 
conclude  that  r 
Hence  (2,27)  is 


<  ~  together  v-Jith  (2.2)4)  may 
is  proportional  to  log  x  for  large  x. 
of  the  form  required  by  the  statement  of  the 


theorem.^ 
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CHAPTER  III 


Introduction, 


In  this  chapter  we  begin  by  considering  the 


following  problem:  let  the  first  2n  consecutive  positive  integer 

1,  2_,  2n  be  separated  into  two  disjoint  classes  A  and 

each  class  containing  n  elements.  The  separation  of  these 
numbers  is  to  be  arbitrary  in  all  other  respects,  be  inrite 
A  :  being  any  element  of  A  ,  ^  ^  1  also 


a„  < 


order  the  n  elements  of  the  class  A,  obtaining  1  <  a^  < 

...  <  Un  <  2n.  The  class  B  is  dealt  with  in  a  similar  way, 
so  that  we 


wite  B  :  |b^|  ,  (1  <  j  <  n),  1  <  b^  <  bg  <-...<  b^  <  2n, 


Using  the  classes  A  and  B  we  form  the  "difference  set"  (A-3)  : 
^a^-b^l  where,  as  above,  we  have  (1  <  i  <  n),  (1  <  j  <  n). 

For  k  in  the  range  Ikl  <  (2n-l)  we  want  to  obtain  estimates 


for  the  miaximum  number  of  solutions  of  an  equation  of  the  form 


The  second  problem  is  concerned  tjith  a  set  of  distinct 
positive  integers,  none  of  which  exceeds  n.  IJe  order  the 
elements  of  such  a  set,  obtaining  -  <  <  ^2  <  •••  ^  \  ^  » 

The  number  k  is  to  be  m.aximala  insist  that  all  sums  of  the 

form.  a.  +  a.  +  ...  +  a.  ,  (0  <  r  <  k) ,  be  distinct,  ¥e 

^2  -  - 

want  to  determine,  subject  to  the  conditions  m.entioned,  how 


large  k  =  k(n)  can  be 


'  .....  r»>' 

,..'T  -  .  ■  .  .  ..filXk 4 

■'  ■>  - 

V  ■■  ■  ■ 


J' 


>*■ 

K- 


The  first  problem  was  originally  stated  in  terms  of  the  lin 


numbers  1,  2,  Iqn,  hrdosjjB,  9]  conjectured  that  there  exists 

at  least  one  integer  r  ,  jr|  <  (Un-l),  such  that  the  equation 

a^  -  =  r  ,  1  ^  y  0  1  ^  f  2^)3  has  at  least  n 

solutions.  If  we  choose  =  n+1,  a^  =  n+?. ,  a^^  =  3n  we 

see  that  the  value  n,  if  true,  would  be  the  best  possible  result. 
However  the  conjecture  has  been  shown  to  be  false  and  we  shall 
revert  to  the  form  of  the  problem  mentioned  in  the  introduction. 


Let  us  define  M, 


Z  1  i.e.  M,  is  the  num.ber 

a,-b.=k 


of  solutions  of  the  equation  a. --  b  -  =  'k  .  ¥e  also  denote 
any  separation  of  the  2n  numbers  into  two  classes  A  and  E. 
Unally  we  define. 


(3.1)  M  =  m.in 


/  max  Vl  \ 

\  k 


Thus  M  “  M(n)  only. 

\!e  discuss  certain  lower  estimxates  which  have  been  obtained 
for  M(n).  In  the  difference  class  (A-B)  we  have  n^-  elements 
which  are  non-zero  and  which  all  occur  in  the  range  <  (2n-l) . 

Since  we  have  n^  elements  occurring  in  a  range  of  less  than 
Un  it  must  be  the  case  that  >  ^/i;  for  some  k.  Hence  we 

conclude  that  M(n)  >  ^  .  Scherk[  9  Jhas  improved  this  estimate 
by  showing  that  M(n)  >  ~  (2-v^)  >  0.29n.  ¥e  now  consider  a 

further  improvement  due  to  Moser 15  J.  Ae  define 
n  n 

A  =  Za,  B  =  Zb.  and  P  =  Z  (a.-b.'^. 

1=1  j=l  ^ 

It  is  clear  that  we  m3.j  write 


(3.2) 


p  = 


7  V-  M . 


X  ..1 


(a.  -  b.) 
1  3 


n  (A-E) 


Iji  % 

-  ■  \>', 


^  ■'  ^'''  ^  r  “  .  ^  ■.  ■ :  '  ,  ■  ■■  -  OB' 

y;  ■>  ■ 


^-7  ^''  -l^-.‘''i^ 


yr:  ■; 


7-  ’^Jt' 


.V‘.: 


-  .  fv  rtB. 


:'.  c> 


i 


r. 


7  \  ,1 


,.  ,.  .:v 

\  .W-.'I, 


hi .' 


(rt.  ’:  :  .:  ■  ^  ^■■''  ■'■  j‘  s  -'V':  • 

;  \  ■'•'  .■■  i^-  V  ■'■::■  .. 

1  "  ?  ' 


,  ^  I  *T  ■ ':(.r  ■'' .a:;  '  .!  r- 'v '' '  vT 

>tr  -  ■'  ,  . 

"  ‘‘  ’■"  ■  '  0.  ■ 

.  .'rA':;  »  ■ -r',  .  .  ',:  *iBr  s-  • 
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Tlie  approach  used  here  is  essentially  statistical  in  nature.  The 


n^  elements  of  the  difference  set  (A-E)  constitute  a  finite 


population.  If  we  were  to  plot  against  and  assumed  an 

optimal  separation  of  the  2n  nun’.bers,  then  N  would  be  the  mode 

of  the  resulting  distribution.  Our  aim  here  is  to  show  that  K  is 

"large",  regardless  of  the  manner  in  which  1,  2,  ...,  2n  are 

separated.  If  the  distribution  were  rectangular  then  the  mode  would 

have  a  minimum  value,  but  this  value  must  exceed  ^  .  This  result 

a 

is  just  another  way  of  stating  a  remark  made  above.  If  we^  can  show 
that  the  actual  distribution  must  differ  considerably  from,  a 
rectangular  distribution  theii  we  will  be  able  to  conclude  that  M(n) 
is  fairly  "large".  We  now  define 


n  n 


(3.3)  Q  = 


n  2  a  2  +  n  2  b.^  .  2  2  a.b^ 

^  d  .  .  1  J 


iJe  have 


n 

AB  and  Z  a  ^  + 

i=l 


n 


b.^  =  12  +  22  +  +  (2n)2 


so  that 


6 


We  also  define 


n  (2n)  (2nf  1)  (Wl) 
6 


Since  A2  +  = 


(A+B)^  + 


(2n)2(2n^2,  (^.3)2 


2 


2 


8 


2 


we  obtain 


,  1* '-r., !' 


•  n  • 


^  ,  .  ■  -  .1  ■  ■  .’■"‘V.-  4'-; 


1  ^1^,.  ■ 

'  -S;: 


(3.6) 


R 


(lui^  -  1) 
6 


2 


n-  -  1) 

6 


Having  obtaiiied  an  upper  bound  for  R,  we  now  want  to  obtain  a 

lower  bound,  .e  notice  that,  while  need  not  be  integral, 

n 

-ii-E 

the  values  of  the  expression  (a.  -  b. - )  differ  by  integers, 

1  J  n 

b'e  assume  that  the  nu^^bers  1,  2,  2n  have  been  separated  so 

that  no  value  of  k  is  produced  more  than  M  times.  Since 
A-B 

(a.  -  b. - 1£)2  >  0  we  may  conclude  that 

1  1  n  — 

(3.7)  R  >  M  (02  +  12  +  (-1)2  +  ...  +  (u-l)2  +  (l-u)2  +  u2  +  W^ ) 


where  w  =  0  when  TB  1  =  2u  ,  w  =  -u  when  S-  I  = 

[M  J  '  J 

be  consider  these  two  cases  separately. 


?u  +  1 


Case  I 


[r] 


1  so  that  w  =  -  u  .  In  this  case. 


(^.8)  R  >  2M 

6 


M  2u(2u+1)(2u4-2) 
12 


.iice  2u+l  <  B  <  2(u+l)  we  must  have 


M 


(3.9) 


P,  >  5l  i)  . 

12  V M  Mm  / 


Case  II 


[?]  = 


=  2u  so  that  w  =  0  .  In  this  case. 


(3.10)  E  >  2M  !!  u(2u^.l). 

“  \  6  2/3 


Since  2u  <  B  <  2u  +  1  we  can  make  the  statement  (3.9)  fo] 
-  M 


this  case  also 


'0 
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Hence  we  have  ehoim  that 


(3.11) 


-  1) 

6 


5  ( r-  =)  (r- ') 


Assiwiing  the  form  F  =  a  n  we  can  conclude,  using  (3*11)  that 
1 

^  ^  • 

-  2v^ 


Hence  M(n)  > 


>  0.3?n  . 

By  combining  this  argument  with  that  of  Scherk,  Moser  [is]  has 
sho^jn  that  M(n)  >  0,356n* 

As  noted  previously,  the  con;^ecture  of  Erd6s[^8,9jwas  that 


M(n: 


n 


>  —  .  Erdos  himself  has  shown  that  the  conjecture  was 

false  and  has  proved  that  M(n)  <  ~  n  .  Motzkin,  Ralston  and 

■“  9 

Sel fridge  [19]  studied  this  problem.,  using  the  digital  computer 

They  have  shown  that  F(n)  >  O.Un  is  false  by  m.eans  of 
the  following  exam.ple,  in  which  n  =  M(n)=63 

A:  1,  2,  3,  U,.  6,  7,  12,  lU,  21,  2!i,  2?,  2?,  28,  29,  30 

B:  5,  8,  9,  10,  11,  13,  15,  16,  17,  IS,  19,  20,  22,  23,  26. 


Let  us  now  consider  a  set  of  distinct  positive  integers 
1  <  <  , . ,  <  a,  <  n.  Fe  insist  that  the  2^  numbers  of 

“12  k  _  _ _ 

the  form  a.  +  a.  +  ...  +  a.  ,  (0  <  r  <  k),  be  distinct. 

Suppose  further  that  k  is  as  large  as  possible.  Ve  want  to 
obtain  upper  and  lower  estimates  of  k  =  k(n). 

Given  any  arbitrary  n  there  exists  a  unique  non-negative 
integer  t  such  that  2^  <  n  <  2"^"^^,  If  we  let  a.^  =  2^ 
(0  <  v'  <  t),  v^e  obtain  (t+1)  =  |^log^nJ  +  1  distinct 


positive  integers  not  exceeding  n.  Since  the  binary  representation 
of  an  integer  is  unique  it  is  clear  that  the  2^  subsets  are 


I 


■  .';;i  I . 


c. 


v'  ,  "  vs^'-'" 


:’0;'  i-i' 
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distinct.  Thus  we  have 


(3.12)  k(n)  >  [log^n]  +  1  . 

The  sum  of  the  largest  subset  is  a^  a^  +  , . .  +  a^^  <  k  n  . 
Since  the  subset  sums  are  all  non -negative  and  distinct  we  must 
have  2^  <  kn.  Hence  k  <  •  Certainly 

k  <  2  loggn  so  that 


(3.13)  k  <  log^n  +  logglog^n  +  1  . 

•  We  now  discuss  a  result  of  Erdos  and  Moser  9  Jwho  have  shown 


that 


(3.1)4.)  k  <  log^n 


log2log2n  5 

■  “i* 

2  2 


We  denote  the  sum  of  the  elements  of  the  ith  subset  by 
k  ^ 

s.,  1  <  i  <  2  ,  Let  us  define  A  =  Z  arithmetic  mean 

2^  2=1 
Z  s. 

mean  of  all  the  subset  sums  is  j_=i_  ,  In  order  to  evaluate 


thiis  expression,  we  pair  off  each  subset  with  its  complement  (with 
respect  to  the  set  a^,  a^,  •  Ike  sum  of  the  elements 

in  such  a  pair  is  clearly  A,  Since  we  have  2^”!  such  pairs  we 
must  have 


(3.35)  i=l 


Let  us  now  obtain  an  estim.ate  for  the  quantity  Z  ,  (s.  - 


We  have 


-  I'O  - 


!<!<<: 


(s.  -  |)^ 


(2s^-(a^-t  a2+ 


H  a. 


i  2(1. 


lt^2 


)2 


where  the  last  si.ua  extends  over  the  possible  distribivtionc 

of  sign,  fhe  cross-products  come  in  nairs  and  hence  eliminate  each 
other.  Hence  we  have 


(3.16)  2  ,  (s,  -  =  2^~'^  2  a. 2  <  a*'""  kn^  . 

I  A  I  _  V-i 

s^  ~  —  I  >  \/V  n  for  more  than  2'  of  the  subset  sums^ 

we  would  have  1  (s.  -  >  2^"*"  n)^_,  which 

contradicts  (3.16),  Fence  we  must  have  at  least  2^“"'  distinct 

numbers  in  a  range  less  than  2  \fk  n  »  Therefore  2"“  <  \/k  n 

from,  which  it  follows  that  (k-2)  <  ~  3.og2k  +  log^n.  Since 

k  <  2  log^n  we  mnst  have 

(3.17)  k-2  <  I  logs (2  loggn 

1  5 

k  <  log^n  -i-  -  log^log^n  + 


Hence 


o 


-  hi  - 


CHAPTER  IV 


Introduction.  In  this  chapter  we  consider  probD.ems  of  the 

follovj-ing  type :  can  evciy  integer  be  represented  as  an  element  of 
one  of  a  finite  number  of  arithmetic  nrogressions,  the  common 
differences  of  these  progressions  all  being  distinct? 

Consider  a  finite  set  of  aritl'imetic  progressions  P.  ^ 

(1  <  i  <  k),  x^rhere  the  elements  of  are  integers  x  of  the 

form  X  =  aj^(mod  n^^).  Suppose  1  <  n^  <  n^  , . .  <  n^^  .  lie  call 
such  a  set  a  covering  set  of  congruences  if  every  integer  m 
satisfies  at  least  one  of  the  congruences,  ¥e  use  the  notation 
a(n)  to  denote  the  arithmetic  progression  of  integers  x  satisfying 
X  =  a (mod  n) , 

¥e  list  several  examples  of  such  covering  sets  of  congruences. 
The  fourth  example  is  due  to  Prdos  [  7  J.  Davenport  [  6  Jand  Sir7ift[3i] 
have  constructed  further  examples  of  covering  sets  of  congruences. 


(1)  0(2) 

0(3) 

1(I^) 

5(6) 

7(12) 


(2)  0(2) 
0(3) 
KW 
1(6) 
11(12) 


(3)  0(2) 
0(3) 
1(U) 
3(8) 
7(12) 
23(21!.) 


(h)  0(3) 
0(U) 
0(5) 
1(6) 
6(8) 
3(10) 
5(12) 
11(15) 
7(20) 
lohU) 

2(30) 

3U(Uo) 

59(60) 

98(120) 


To  prove  that  these  sets  do,  in  fact,  form  covering  sets  of 
congruences  it  suffices  to  show,  in  each  case,  that  all  possible 
residue  classes  (mod  n^^)  are  accounted  for  and  this  is  readily 


verified 


We  proceed  to  discuss  some  results  and  unsolved  problems  in 
this  connection. 

Erdos  and  Nirsty  10  Jhave  shiovm  that 
^  1 

(lul)  Z  -  >  1 

i=l  i 

As  the  asymptotic  density  of  integers  x  satisfying  x  =  a (mod  n) 

1  ^1 
is  —  we  may  immediately  conclude  that  2  —  >  1  .  Tlie  orOof 

n  i=l  - 

of  strict  inequality  mentioned  above  uses  an  analytic  approach  and 


will  not  be  given  here. 

V'Je  say  that  a  covering  set  is  of  order  M  if  n^  =  M.  Covering 
sets  of  order  as  large  as  six  are  knov.m  to  exist.  Swift [^3ljhas 
shoT^m  that  for  certain  small  M  there  exist  classes  of  covering 
congruences.  In  particular  for  M  =  2  if  p  is  an  arbitrary  odd 


prime  and 


an  arbitrary  singly  even  prim.itive  root  of  p  then 


the  set  g^“-  (2^),  (2^"b)  and  0(2P-^p),  (1  <  i  <  p-1  <  k), 

forms  a  covering  set  of  congruences. 


PROOF: 


It  is  necessary  that  the  sum  of  the  reciprocals  of  the  moduli 
involved  totals  M(p),  where  M(p)>l  for  p  sinj  odd  prim.e,  The 
sum  is 


p-i  1  p-i  1  ,  1 

(U.2)  2  t  +  2  -  - 


=1  2- 


i=l  2a-lp  2P-lp 


(I)’ 


(r^  f 

which  implies  p  *!-  1  <  2^.  This  inequality  is 


2  /'1\P"^  p+1 

In  order  that  —  -  — )  - —  be  positive  we  must  have 

P  \2/  p 

2  W-l 

—  > 

P 


seen  to  hold  for  the  range  of  p  considered 


Putting  i  =  1  in  produces  1(2)  which  disposes 


of  all  odd  integers.  It  remains  to  shovj  that  all  even  integers  are 
produced.  To  prove  this,  we  first  show  that  the  sum  of  the 
reciprocals  of  the  moduli  which  are  producing  even  integers  is 
greater  than  ,  the  asymptotic  density  of  the  even  integers. 
However  some  of  the  congruences  can  be  solved  simultaneously  sc 
that  there  is  som.e  overlap,  \!e  evaluate  this  overlap.  Subtracting 
tMs  quantity  from  the  sum  of  the  reciprocals  of  the  moduli  in 
question  gives  the  number  i  .  Hence  the  set  of  congruences 
accounts  for  all  the  even  integers. 

Putting  i  =  1  in  g^''’^(2^’"^p)  produces  l(p).  This 
congruence  produces  an  equal  number  of  even  and  odd  integers. 

The  asj/mptotic  density  of  the  even  numbers  it  produces  is  i-  , 

The  density  of  the  numbers  being  considered,  all  of  which 
are  even,  is  thus 


be  positive  we  must  have 


2 

(pt-l)  <  3.2^"  ,  an  inequality  which  is  seen  to  hold  for  the  range 


of  p  considered. 

It  remains  to  evaluate  the  overlap  and  to  show  that  it  totals 


are  concerned  mth  the  follo^^ring  set  of  congruences: 


(i)  g^"-(2^)  for  2  <  i  <  p-1 


(ii)  g’'~^  (2^"  p)  for  1  <  i  <  p-1 


(iii) 


0(2P-^p) 


-  hh  - 


We  consider  two  types  of  overDap;  within  the  same  class 
(internal)  and  between  classes  (ejrternal)  ,  ..’e  show  that  overlap 

occurs  only  externally  and  just  between  classes  (i)  and  (ii) 

Obviously  there  is  no  internal  overlap  in  (iii)  •  Consider 
any  two  progressions  from  (i),  say  and  g^”^(2^)  where 

we  may  assume,  without  loss  of  generality,  that  2  <  j  <  m  <  p-1  . 
For  overlap  to  exi.st,  we  would  have  to  have  the  g.c.d.  (2^,  2^)  | 

(gm-l_gj-l)  ,  uow  (23,  2'")  =  23  and  (g"-l-g3-l)  =  g3-l(g^-3_i) 

The  number  (g^"*-^-!)  is  odd  for  m-j  >  1  because  g  is  even  so 

overlap  can  occur  if  and  only  if  rn=j.  However  if  m=j  we  are 

considering  one  and  the  same  congruence.  Hence  there  is  no 
internal  overlap  in  (i) .  Now  consider  any  two  progressions  from 
(ii),  say  g^i”^(2 j"^-p)  and  (2^“^p)  where  we  m.ay  again  assume 

without  loss  of  generality,  that  1  <  j  <  m  <  p-1.  Now 

=  2j"^p  and  (g"'-^-g3-l)  =  g3-l(g'"-3.i).  Certainly 
2^~^p  divides  g^“^  but  P'('(g^~^-l) .  If  we  had  mp  =  (g^“^-l) 
then  g^'"^  =.  l(mod  p) .  However  g  is  a  primitive  root  of  p  and 
hence  g^  i  l(mod  p)  for  s<  ^(p)  =  p-land  (m-j)  <  p-2  always. 
Hence  there  is  no  internal  overlap  in  (ii) . 

We  now  consider  the  question  of  external  overlap.  Consider 
the  progressions  g-’'“^(2^)  and  0(2P“'^p),  We  have  (2~,  2P"^p'^2'^ 
and  -  0  =  g^”“.  Now  2^ '|'g^“*^  and  so  we  have  no  overlap 

between  (i)  and  (iii).  Consider  the  progressions  g^”^(2-“^p)  and 
0(2P~Ip).  have  (2^"^p,  2P"*^p)  =  2^'"^p  and  g-”^-0  =  g-“^  . 

Now  2““^ and  so  we  have  no  overlap  between  (ii)  and  (iii) 
Finally  we  consider  the  possj.bility  of  there  being  e>rternal 
overlap  between  pairs  of  progressions,  one  f!rom  (i)  and  one  from 
(ii).  In  general  we  have  g-"^(2^)  and  g^"'^(2^-~^)  where 
2  <  j  <  p-1  and  1  <  <  P-I*  I^'  we  have 


I 


I 


■,T 


-  hs  - 


(2^,  2^  ^p)  =  2^  ^  and  =  0.  Now  2^“^  |o  so  that 

1 

t?iere  exists  overlan  of  density  2^p  •  Hence  the  total  overlap 

1 

p-1  . 

obtained  in  this  way  vrill  be  Z  2  p  ,  If  m  >  j  we  have 

i=2 

(2^,  2"^‘--p)  =  2^  and  (g"^- (g^"^-l) .  Now 

21 (g^^“j_l)  so  that  we  have  no  overlap.  In  the  last  case, 

2  >  m,  we  have  (2-,  2^’^p)  =  2’^“^'  and  (g^"^  -g"^”^)  =  g^"^(g'''“^-3 ) . 

Now  2^“^  I  g^”^(g^“^-l)  so  that  we  have  overlap,  ;ve  now  compute 

the  total  overlap  for  this  case  by  assigning  all  possible  values  to 

m.  and  determining  the  density  of  overlap  as  j  varies.  Thus  x^rhen 

m  =  1  we  have  2  <  j  <  p~l.  For  any  3  value  the  density  of 
2 

overlap  is  —  .  Hence  the  total  contributloh  is 

2^‘5p 

p-l  T 

Z  — T”  •  VJhen  n  =  2  we  have  3  <  i  <  p-l  ^ad  the  total 

j=2  2Jp  ~  “ 

p-l  1 

contribution  is  2  — r*  .  Continuing  in  this  way  we  find  that 

j=3  2^F 


the  total  densit^^ 


p-l 

Z 


1 

•  + 
2lp 


p-l 

Z 


of  overlap  from  cases  j  >  m  is 

1  py  1 

-i-  . . ,  -H  Z  — r“  +  - - 

22p  j=,p„2  2-p  2^“"P 


Hence  total  overlap,  considering  all  sources,  is 


(h.h) 


f 


P-I-L- 


J  j:^  " 


2'*p  + 


p-l 


3=a 


As 


we  obtain 


nok. 


I 


H: 

M 

■‘■iiV 


-  U6  - 


Hence  the  result  follows* 

1 
2 

that  M(p)  >  1  for  all  possible  p*  However  we  note  that  for 
sufficiently  large  p  and  arbitrary  €  >  0  we  have  N(p)  <  1  +  ^  , 
As  a  simple  example  of  the  t^rpe  of  covering  set  being 
discus sed,  let  us  choose  p  =  5,  g  =  2,  He  obtain: 

1(2)  1(5)  0(80) 

2(U)  2(10) 

lt(8)  1(20) 

8(16)  8(i;0) 

There  are  several  unsolved  problems  in  connection  with  this 
general  problem.  It  is  not  knotm  whether  there  exist  covering 
sets  of  order  greater  than  six.  More  generally,  Erdos 7  Jhas 
conjectured  that  there  exist  covering  sets  of  arbitrarily  large 
order.  It  is  also  not  kno^/m  whether  there  exist  systems  in  which 
the  moduli  are  all  odd. 


We  have  shoi-ni  that  M(p) 


T  + 


P  \ 


D“1 


(p-*-!) 


and  know 


•I- 


'  - .  -  ''I- 

:.■  '.'.■-V  '  -  ,  '  w:0:  f  4 

.  '  u\  fi.>.  ^  ^  hr.  ■  ■  ' 

"'■  '•  .  '■ '  ‘'-i 

,-■  . v.ts'., 

■-'C'*^^  1  "'Vfl-  . 

-■  .,/  ’■  '.  '  '  '•  K*  '  ■■'*  ■.  -  ■' 

■'  ."'■'^maoo  nx  .  j;:  WXc-:-;..';  Wi-;- 


ChhJ'sH^l  V 


IntrodiTction.  In  this  chapter  hegiii  by  introducing  the 

concept  01  "addition  chain",  as  defined  by  Scholz  J,  he  then 
discuss  various  results  d.ue  tu  ijrauer[^  4  Jand  ■/tz^3  2jin  this 
connection  and  end  the  chapter  by  mentioning  some  unsolved  nroblem 
concerning  addition  chains. 

We  define  an  addition  chain  for  any  positive  integer  n  to 
be  a  set  of  distinct  positive  integers  1  =  a^  <  2  =  a^  <  <  .. 

such  that  every  element  ^  written  as  a 

sura  a^  +  a^  ,  (1  <  cr  <  f  <  ^  -1),  of  two  preceding  elements 

of  the  set.  Clearly,  a^  =  2,  a^  =  3  or  I| , 

We  list  three  possible  addition  chains  for  n  =  10: 

111 
2  2  2 

U  U  3 

8  6  6 

10  10  9 

10 


An  addition  chain  1  <  2  <  a^  <  , . .  <  a^  =  n  is  said  to 
have  "length"  r  •  3y  an  addition  chain  of  minimal  length 
i=  i(n),  •Scholz  |]2 9 J understands  the  smallest  £  for  whicli 
there  exists  an  addition  chain  l<2<a2<.,.<a£  =  n, 
Scholz  [2 aj  published  the  following  as  problem.s: 

(?.l)  (m  +  1)  <  i(n)  <  2m  for  2™  +  1  <  n  <  2"^^^,  tn  >  1 

(5.2)  /(ab)  <  /(a)  +  i(b) 

(5.3)  /(2™''^-l)  <  m  +  /(m  1) 

Brauer  [  4  Jhas  established  (5.1)  and  (5.2)  and  we  give  his 

proofs : 


';oD 


S 

■■  J 


vixtfd^ '  '  • 

'■ ) ' 

^  1:  ■, : 
;4i',;'IS'|*'^‘'?  ^  '  -• 


-  IS  - 


Proof  of  (5,1).  It  is  clear,  from  the  definition,  that  in  any 
addition  chain  for  n  we  have  <  2  a^  (1  <  ^  <  r).  Ilius 

it  will  require  at  least  (m  +  1)  steps  to  produce  an  element 
which  exceeds  2^,  Hence  £ (n)  >  (m  +  1)  for  the  range  of  n 
being  considered.  To  establish  the  other  side  of  the  inequality, 
let  us  express  n  in  the  binary  scale.  hJe  have 
k  V-i 

(S*h)  n  =  Z  2  where  0<>^  <v'  <...<y  =m,  (2<k<  m+l) , 

i=l  -  1  2  k  "  '  -  “ 


for  2®  +  1  <  n  < 

An  addition  chain  for  n  is 


(5.?)  1  <  23-  <  22  <...<  2”*  <  2*"  +  2'*^’'  <  2”  +  2^^  +  2^^  <...<  2  2^ 


i=l 


The  length  of  such  a  chain  is  m  +  k  -  1  <  2m.  If  n  =  2^"^^ 
^ (n)  -  m+l  so  that  //(n)  <  2m  for  all  values  of  n  being 
considered. 


Proof  of  (5*2) .  Let  1,  2,  a^,  . . .  a^  =  a  be  an  addit?lon  chain 
for  a  with  r  =  /(a).  Let  1,  2,  bo,  • . .  b_  =  b  be  an  addition 
chain  for  b  with  s  =  £  (Jo) ,  Consider  the  set  of  distinct 
positive  integers . 


(5.6)  1,  2, 

•••  ^r’  “rh’ 

^r^2>  ••• 

—  ab  . 

By  assiimption. 

6^  ”  ^cr  "**  > 

f  f  <  > 

(1  <  <r  <  r  <  ^  -1) 

so  that  a-  b  = 
r  ^ 

■■  a^b^  +  a^b^  . 

Hence  (5.6) 

is  an  addition 

chain  of  length 

(r  +  s)  for  ab 

.  -Thus  we  have 

£(ah)  <  (r+s)  =  y^(a)  +  £(':). 


It  is  not  kno^'in  at  present  whether  (5.3)  is  true,  Utzjs^ 


~n. 


has  shoTTO  that 


-  Ii9  - 


(?.7)  <  q  +  /(q)  -  1  =  2=(2^1)  + 


n+s 


for  q  =  2^(2^  s,n>0. 


Brauer  [^4jhas  a  result  in  this  direction  .There  the  addition 
chains  are  'restricted*  in  a  certain  uay.  A ’special  addition 
chain’  for  any  positive  integer  n  is  an  addition  chain 
l<2<a2<  ...  <a^=n  such  that  every  element 

y  5  f  written  as  a  sum  a  ? 

(1  <  (T  <  p-1).  he  denote  by  /C(n)  the  length  of  the 

'  /)  n* 

shortest  special  addition  chain  for  n  .  Clearly  X  (n)  <  X  (n) 


for  anj^  value  of  n.  lie  now  prove  that 

X  (m+l) ,  m  >  3. 


■2™^l-l)  <in 


HIOOF: 


The  result  is  easily  seen  to  hold  for  m  =  0,  1  and  2,  For 
m  >  1,  2,  U,  5>  6^  . . . ,  (m  +  1)  is  a  special  addition  chain 

for  (m  +  1)  so  that  /^(m  +  1)  <  (m-1) .  Let  us  consider  a 
special  addition  chain  of  minimal  length  for  (m  +  1)  having  the 
form 


(5,8)  l<2<a2<...<aj^  =  m+l,  k=/(m+l)  , 

Tie  construct  num.bers  of  the  form  2  -1,  (0<>N<k).  Further, 

a^ 

we  multiply  each  number  of  this  form,  except  (2  ‘"-1),  successively 

k-1 

(a  -  a  )  tiraes  by  2^  producing  a  total  of  Z  (a  -  a  )  =  m. 
A+1.  ^  X=o 

numbers.  Consider  the  set  of  distinct  positive  integers 


(5.9)  1,2,  (2  ""-D,  2M2  ’■-1),..  2  "  (2  -1),(2  ■-1),2U2  -D, 

...  2^--^U2^"-1),...,(2^^-"-1),  2'(2^^---1),...  2'-  ''--(2 


,  av  ,  iti+1 

(2  '^-1')  =  2  -1  . 


» 


1 


■4. 


■iX 


A  number  of  the  form  (2  ^-1),  (-  <  p  ^  s  al^rays  preceded 

by  a  number  of  the  fonri  2\  V"*  -1).  The  number 


(A^’-l)  -  2  f  "^’■-(2  f'hl)  =  2‘*f  'f-bl  is  - 


n  element  of 


(5.9)  because  (a^  -  a^  is  an  element  of  (5*6).  Hence 
(5.9)  is  a  special  addition  chain  for  2’^’^'''-]  ,  He  have 

■2(t 

(5*10)  /(2^^^-l)  <  m+  /(m+1)  <  (2m.-l)  ,  m  >  3  . 

Another  result  due  to  Hrauerj^^Jis  the  foil  oaring: 


THI^^OREII  5.1: 

For  an3r  non-negative  integer  s  and  any  positive  integer  r 
we  have 


(5.11)  /(n)  <  (r+1)  s  +  2’^-2  for  2^®  <  n  <  2’’-®'^^^  . 


PROOF: 

Let  us  first  consider  the  case  r  =  1,  s  being  arbitrarj^. 

He  must  have  (n)  <  2s  for  2^  <  n  <  2^"^^  ,  Since  £{2^)  = 

we  see  that  the  result  holds  by  making  use  of  (5.1).  Consider 
r  >  1  to  be  arbitrary  and  fixed,  ¥e  prove  the  remaining  cases  to 
which  (5.11)  is  applicable  using  induction  on  s.  The  case 
s  =  0  requires  that  H  (n)  <  2^-2  for  i  <  n  <  2^,  The  set 

of  distinct  positive  integers  1,  2,  3,  (2^-1)  form.s  an 

addition  chain  for  any  n  in  the  range  considered.  He  noTj  assume 
that  for  any  n  such  that  2^"^  ^  ^  ^  ^  ^  s-1),  we 

majr  form  an  ad±'.tion  chain  containing  at  most  (r+1)  t  +  2^-1 

elements,  the  first  (2^-1)  elements  being  the  numbers 
1^  2,  3,  (2--1).  TJe  complete  the  induction  by  considering  the 


case  t  =  s.  IJe  have  2^^  <  n  <  Dividing  n  by  2^ 

we  obtain 

(5.12)  n  =  a  2^  +  b  for  <  a  <  2^^  ,  0  <  b  <  2^ 


By  the  induction  hypothesis  there  exists  an  addition  chain 

1>  2,  3,  *..,  a  ,,..,a  ,a  =  a  for  a  having  the 

2^-1  ^“1  a 

form  shomi  and  having  length  not  exceeding  (r+l)(s-l)  +  2^-2. 

If  b  >  0  this  addition  chain  contains  b  •  The  following  set  of 
distinct  positive  integers  forms  an  addition  chain  for  n: 


(5.13)  1,  2,  3,  2^-1,  a  ,  ^  a,  2»a,  2^a,...  2 

2^-1  a-1 

2’"a  +  b  =  n  , 


The  length  of  this  addition  chain  is  at  most  ((r+1)  (s-1)  +  2^-2) 

+  r+1  =  (r+l)s  +  2^-2  which  completes  the  proof. 

Using  (5.11)  we  nox^r  prove 

(5.1U)  lim  JlA.  =  1  . 

n->oo  log^n 

In  (5.11)  we  have  2^^  <  n  so  that  ^  ~  loggn  .  Thus  the 

first  portion  of  (5*11)  i^ay  be  written  as 

(<.15)  /  (n)  <  (1  +  ;)  log^n  +  2''-2  , 

let  us  insist  that  n  be  in  the  range  2^^  <  n  <  2^'*’^'  so  that 
2"^  <  2^  <  n  <  2^"’*'“  <  2^^^*^^'^.  For  non-trivial  cases,  the 

value  of  r  must  be  in  the  range  1  <  r  <  m.  and  w'e  have 

(5.16)  /  (n)  <  min  ((1  +  ^)  log^n  +  2^-2) 

r=l,2,...,m 

Taking  r  -  j^loglognj  +  1  provides  a  "near-minimum”  value  for  the 


-  5^2  - 


e^cpression  ((1  +  -)  loggn  +  2^-2).  Using  this  value  of  r  in 
(5.15)  we  in  ay  ^irite 

<  (*• 

From  (5.17)  it  follows  easily  that 


(5.18)  /l(n)  <  loggn  ^ 


1  + 


loglog  n 


?  log 


(log  n; 

Also,  since  2'"  <  n  <  2^"-'^-^-  ^  we  have,  using  (5.1)5 


Qg  ^  \ 

^  1-log  2j 


(5.19)  /(n)  >  m  >  log^n  -  1  * 

From  (5.18)  and  (5.19)  it  follows  that  lim  =  1  , 

n— ►  «>  loggH 

The  following  questions  have  been  asked  by  Utzj^saj: 

(i)  is  it  true  that  ^(p)  <  >^(2p)  for  all  p  >  0  ? 

(ii)  if  we  denote  b^^  S(n)  the  number  of  solutions  of  /^(x)  =  n 

can  it  be  showm  that  S(n)  <  S(n+1)  for  all  n  >  0? 

These  questions  appear  to  be  unsolved  at  the  present  time. 
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chap^:er  VI 

Introduction,  In  this  chapter  .^e  discuss  some  res^n.ts  of 

Kelly 13 J  concerning  the  possibility  of  representing  all  positive 
integers  as  a  sum  of  a  restricted  number  of  distinct  elements  of 
a  given  sequence. 

We  begin  with  thiree  definitions. 

(i)  A  basis  of  order  h  is  a  set  of  non-negative  integers  such 
that  every  positive  integer  can  be  eixpressed  as  a  sum  of  h 
elements  of  the  set,  h  being  the  smallest  number  for  which  this 
is  true. 

(ii)  An  asymptotic  basis  of  order  h  is  a  set  of  non-negative 
integers  containing  zero  such  that  every  sufficiently  large 
positive  integer  can  be  expressed  as  a  sum  of  h  or  fewer  elements 
of  the  set,  h  being  the  smallest  niimber  for  x^hich  this  is  true. 

(iii)  A  restricted  basis  of  order  h  is  a  set  of  non-negative 
integers  such  that  every  sufficiently  large  positive  integer  can 
be  expressed  as  a  sura  of  h  or  fewer  elements  of  the  set  "without 
repetitions,  h  being  the  smallest  number  for  which  this  is  true, 

¥e  give  some  illustrative  examples  and  make  some  clarifying 
remarks  in  connection  x^ith  the  above  definitions. 

By  Lagrange’s  theorem,  the  set  of  squares  is  a  basis  of 
order  U  xrhile  by  a  theorem,  of  Pall  20  JthjLs  set  is  a  restricted 
basis  of  order  5.  It  is  not  the  case  that  every  basis  or  every 
as^miptotic  basis  is  a  restricted  basis,  as  may  be  seen  from,  the 
following  counter-example,  due  to  Bateman  13  J,  Consider  the  set 
consisting  of  1  together  x-iith  all  non-negative  multiples  of  a 
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positive  integer  h.  i.e.  0,  3,  h,  2h,  ... 

This  set  is  a  basis  of  order  h.  Any  positive  integer  m  majr  be 
•written  as  rn  =  rh  +  s  where  r  and  s  are  non-negative 
integers,  not  simultaneously  zero,  and  s  <  (h-1) .  m  requires 
(s+1)  elements  for  its  representation.  One  element  is  rh, 
which  is  in  the  set,  and  the  remaining  s  elements  are  each  the 
number  1.  If  s  =  h-1  we  have  m  expressed  as  a  sum  of  h 
elements.  For  s  <  (h-1)  we  add  the  necessary  number  of  zeros  to 
express  m  as  a  sum  of  h  elements  of  the  set.  Thus  we  see 
that  the  set  is  a  basis  of  order  h.  If  h  =  2  it  is  obvious 
that  the  set  0,  1,  2,  U,  6,  ...  also  forms  a  restricted  basis 
of  order  h.  However  for  h  >  2  the  set  0,  1,  h,  2h,  ...  is 
not  a  restricted  basis  of  any  order  because  elements  of  the  form 
th-1,  where  t  is  any  positive  integer,  cannot  be  represented  as 
a  sum  of  elements  of  the  set  without  there  being  repetition. 

Kelly’s  results  concern  bases  of  order  2  and  may  be  stated 
as  follows: 


THEOREM  6.1: 

Given  any  arbitrary  basis  of  order  2  it  is  a  restricted 
basis  of  order  less  than  or  equal  to  U. 

THEOREM  6.2: 

An  asymptotic  basis  of  order  2  is  a  restricted  basis  of 

order  at  most  3  if  the  value  of  its  counting  function  is,  for  a 

suitable  positive  constant  C,  larger  than  - — -  for  all 

loglog  :: 

sufficiently  large  x.  The  counting  function,  A(x),  of  a  set  of 
•integers  A  is  the  number  of  integers  in  the  set  x^fnich  do  not 
exceed  x,  x  being  a  non-negative  real  number. 

It  m.ay  be  the  case  that  evei^’"  basis,  or  even  every  asymptotic 


basis,  c.f  order  2  is  a  restr-'cted  basis  order  at  most  ?,  tut 

the  problem  of  proving  this  has  not  yet  been  solved.  :Je  show,  by 
means  of  an  example,  that  if  the  above  stateiaent  vrere  true  it  would 
be  the  best  possible  result.  Consider  the  set  of  non-negative 
integers  whose  representations  in  the  ternary  scale  require  only  the 
digits  0  and  1.  Te  prove  that  this  set  is  a  basis  of  order  2 
which  is  not  a  restricted  basis  of  order  2.  From  this  result  it 
follows  that  there  is  at  least  one  asjTTiptotic  basis  of  order  2 
which  is  a  restricted  basis  of  order  at  least  3»  ^  similar 
statement  holds  with  regard  to  bases  of  order  2.  The  set  under 
discussion  is  represented,  using  numbers  of  the  ternary  scale  only,  as 

0,  1,  10,  11,  100,  101,  no.  111,  1000,  loo],  loio,  loii,  iioo, 

1101,  1110,  nil,  ... 

Writing  these  numbers  in  the  decimal  scale,  we  obtain 

0,  1,  3,  k,  9,  10',  12,  13,  27,  23,  30,  31,  36,  37,  39,  Uo,  ... 

It  is  easily  seen  that  in  the  above  set  the  numbers  3^-3. 

2 

for  all  non- negative  k,  are  adjacent .  Hence  positive  integers  of 
the  form  (3^-1)  cannot  be  expressed  as  a  sum  of  two  or  fewer 
elements  of  the  set  without  repetitions.  As  we  may  find  arbitrarily 
■large  integers  of  this  form,  the  set  cannot  be  a  restricted  basis 
of  order  2.  V/e  now  prove  that  the  set  is  a  basis  of  order  2, 
Certainly  we  have  a  set  of  non-negative  integers.  The  proof  goes 
by  induction.  It  is  sufficient  to  show  that,  given  all  the  elem.ents 
of  the  set  which  are  less  than  3^,  'we  are  able  to  represent  each 
positive  integral  x,  1  <  x  <  (3^-1)  as  a  sum  of  two  of  the  elements 
at  our  disposal,  n  being  any  non-negative  integer.  'Jhen  n  =  1 
vje  have  the  elements  0  and  1  at  our  disposal.  The  positive 
integers  1  and  2  may  be  represented  as  1  =  0+1  and  2  =  1+1. 

VJhen  n  =  2  we  have  the  elements  0,  1,  3  s.nd  U  at  our  disposal. 
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The  positive  integer  less  than  3^  “  3^  =  9  may  be  represented  as 
1  =  Ofl,  2  =  1+1,  3  =  0+3,  ’  =  0+u,  3  =  1-^U,  6  -  3+3,  7  =  3+U 
and  8  =  U+U.  V.e  now  assume  that  the  result  holds  for  the  case  n  =  k. 
i.e.  if  we  have  the  elements  of  the  set  which  are  less  than  3^ 
then  it  is  possible  to  represent  each  positive  integral  x, 

1  <  X  <  (3^-1)  in  the  required  manner.  It  remains  to  show  that 
the  above  statement  is  true  for  k  replaced  by  (k+l).  We  now  have 
at  our  disposal  the  elements 

ok+1  k 

0,  1,  3^  3^+1,  3S  3^+1,  3^+3S  3^+3^+l,  ...  ^ ^  =23'' 

^  r=o 

of  the  set.  By  the  induction  hypothesis,  the  numbers  less  than  3^ 
are  representable  in  the  appropriate  manner.  Thus  we  are  concerned 
with  those  positive  integers  x  where  3^  <  x  <  (3^"*'^'-'l)  •  -^^ny 

integer  in  this  range  consists  of  (k+l)  ternary  digits.  If  we 
exclude  the  digit  on  the  e^rbreme  left,  whJ.ch  must  be  a  1  or  a  2, 
the  remaining  k  ternary  digits  form  a  number  which  may  be 
obtained  as  a  sum  of  two  of  the  elements  "we  have  at  our  disposal. 

To  obtain  the  (k+l)  digit  nuraber  we  sim.ply  aopend  a  ternary  1 
to  either  one  or  both  of  the  numbers  whose  sum  is  the  k-digit 
number.  For  example  if  k  =  5  ^nd  the  number  we  are  trying  to 
produce  is  211012  we  may  T^rrite  1103.2  =  10010  +  01001.  Then 
211012  =  110010  +  101001.  The  numbers  are  elements  of  the  set 

because  they  consist  on].y  of  ternary  O’s  and  I’s  and  all  possible 
configu.rations  of  zeros  and  ones  appear  in  the  set.  Hence  the 
statement  is  tnj^.e  for  n  =  (k+l)  and  the  induction  is  complete. 

Hence  the  set  is  a  basis  of  order  2. 

In  order  to  prove  Tlieorem  6.1  we  first  state  and  prove  two 
lemmas.  In  this  work  we  denote  by  A  any  basis  of  order  2.  Tlie 
elements  of  A  we  denote  by  a^,  i  =  1,  2,  3,  ...  .  By  a» 
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we  mean  the  smallest  element  in  A  which  is  larger  than  a.  For 
an  arbitrary  integer  x,  |0  (x)  denotes  the  number  of  representations 
of  X  as  a  Slim  of  two  elements  of  A,  The  representations 
X  =  a^^  +  and  x  =  a^  +  a^  are  regarded  as  distinct  v/hen  i  /  j. 


6.3: 

If  A  is  a  basis  of  order  2^  there  exists  an  even  integer  x 
such  that  p  (x)  >  U. 


imiA  6.U: 

If  A  is  a  basis  of  order  2,  then  either  there  e:-n  sts  an 
odd  integer  y  such  that  jO  (y)  >  1;  or  A  is  one  of  the  two'  sets 

(0,  1^  3,  2n+l,  ...)  ,  (0^  1,  2,  h,  2n,  , 

PROOF  or  LEi'-'m  6.3: 


We  assume  that  every  even  number  has  no  more  than  three 
representations  as  a  srm  of  2  integers  of  a  basis A,  of  order  2 
and  obtain  a  contradiction.  In  order  that  1  representable  as 
a  sum  of  two  elements  of  A  we  must  have  0  =  a^^  1  =  a^.  If 
a^  >  U  then  we  cannot  represent  3  as  a  sioia  of  two  ele.ments  of  A, 


Hence  a^  <  I4..  He  consider  all  possible  cases. 


CASE  1. 


2,  ~  3'  =  U  implies  p  ()4)  >  3.  Hence 


3'  >  h. 

If 

3’  =  5 

then  5 ’  =  9 

because  9  ’ 

<  9  implies  p  (8) 

and  3 ' 

>  9 

implies 

p  (?)  =  0. 

Further  9 ’  = 

=  13  because  9’  < 

implies 

e 

(12)  >  3 

and  9’  ^  13 

!  implies  j 

3  (13)  =  0.  We  now 

have  0 

,  T-, 

2,  3.  <, 

9,  13  and 

P  (lU)  >  3. 

Hence  3’  >  >•  If 

3-  =  6 

then  6'  >  9 

because  6’ 

<  9  implies 

p  (8)  >  3.  If 

6’  =  9  then  P'  =  13  because  9’  <  13  implies  p  (12)  >  3  and 

9»  >  13  implies  ^(13)  =  0.  13  ’  =  17  because  13’  <  17  im.plies 
^  (16)  >  3  and  13’  >  17  implies  p  (17)  =  0. 


17’  =  21  because 


ro 


17’  <  impIlPb  p  (.'"0)  >  7  and  17'  :  ?1  In-liec  p(2l)  =  0. 
;;e  nou  have  0,  1,  2,  2,  2,  17,  21  and  p  (3^)  ^  7. 

Hence  6’  a  6 '  =  10  broaiTSc  6'  ^  ]C  dr-ipl  j.-- l  p  ^2  0)  =  'T'-. 

10  >  >  13  because  10'  <  17  ii-plies  p  (12)  ;  1''-'  •-  1.7 

because  10’  >  17  implies  p  (I4)  =  10’  =  13  inplirs 


p(16)  > 

3 .  10  ’  = 

Ih 

im.plies  p  (I6)  >  3.  H'-^nce  2’ 

/  3.  Tl.us 

3'  =  7  because  3 

t  ; 

7  implir.  p(7)  =  0.  7’  =  21 

hr  cause 

7’  <  11 

implir  5 

p  (10)  >  3  and  7  ’  >  11  implies 

p  (n)  -  . 

11’  =  17 

because 

11’ 

<  17  implies  p (l7)  >  3  and 

U'  >  15 

implies 

pCU)  = 

0. 

.;e  now  have  0,  1,  2,  3,  7,  11, 

15  and 

pUS)  > 

3.  Hence 

A 

caiuiot  contain  both  2  and  3* 

CASE  2. 

""3  ' 

9 

-  3 

>  k»  If  2’  =  U  then  h'  = 

•  7  because 

I|'  <  7  implies  p(6)  >  3  and  1|'  >  7  implies  p  (7)  =  0.  If 

7’  =  8  then  p  (3)  >  3*  If  7’  =  9  have  0,  1,  2,  I;,  7,  9. 

Then  10  is  not  in  A  for  otherr-rise  p  (10)  >  3  ♦  ^hso  12^  lU, 

and  16  are  not  in  A,  for  othervjise  p  (16)  >  3.  If  9’  >  13 

then  p(l2)  =  0.  Hence  9’  =  11.  If  11’  =  2.3  then  p  (20)  >  3. 
If  11’  >  17  then  p(17)  =  0.  Thus  11’  =  17.  he  no^j  have 
0,  1,  2,  h,  7,  9,  11,  17  and  p  (13)  >  3.  Hence  7’  i-  9.  7’  =  10 

because  7’  >  10  implies  p  (10)  =  0,  11  and  12  are  not  in 

for  othen^ise  p  (12)  >  3.  10’  =  13  implies  p  (lU)  >  3.  ^ence 

10’  >lli..  But  now  p  (13)  =  0.  Hence  2’  f  )i.  Thus  2’  =  7  for 
otherv/ise  p  (?)  =  0,  ?'Iow  7’  ^  6  for  then  p(6)  >3.  If 
7’  =  7  then  7’  >  9  because  7t  =  Q  implies  p  (3)  >  3.  If 

7’  =  9  then  10,  11  and  12  cannot  be  in  A  for  othen-jise 

p(12)  >  3.  If  13  is  in  A,  p  (Id)  >  3.  Hence  9’  >  lU.  But  now 

p(13)  =  0.  Hence  7’  >  9.  If  7’  <  12  then  p  (12)  >  3.  But 

7’  >  11  implies  p  (11)  =  0,  Hence  7’  ^  7.  Hence  7’  =  8  for 


t 


t 


I 


I 


I 
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other^Tise  p  C)  =  0.  8*  >  31  because  3»  <  11  irpplies  p  (10)  >  3. 
8»  =  11  because  8'  >11  inplies  p(ll)  =  0.  11 »  =  12  inrlies 
p(12)  >  3.  Fence  13  •  ^  13.  If  11  ’  =  33  then  Dl,  Ij,  3.6  cannot 
lie  in  A,  for  otherwise  p  (16)  >  3.  Also  17  cannot  be  in  a, 
for  then  p  (18)  >  3.  But  no^v  p  (17)  =  0.  Hence  11’  >  ll:. 

11’  >  lU  implies  p  (1)0  =  0  so  11  ’  =  3)|.  .e  nov  have  0,  1,  2, 

5,  8,  11,  lU  and  so  p (l6)  >  3.  Hence  we  cannot  have  2  =  a^  , 

CASE  3.  ^7  "  ^  3’  =  U  implies  p  (i|)  >  3.  Hence  3’  >  U. 

Hence  3’  =  5  for  otherwise  p(5)  =0.  5’  ^  6  for  then 

p(6)  >  3*  Hence  5’  =  7  for  othen^ise  p(7)  =  0.  But  now 

p(3)  >  3.  Hence  the  case  a^  =  3  cannot  occur. 

Thus  we  have  obtained  a  contradiction  which  proves  Lerrjna  6.3*' 

PROOF  OF  LE^m  6.1;: 

Let  A  be  a  basis  of  order  2 .  a^  =  0  and  a^  =  1  as 
before.  Clearly  every  odd  positive  integer  has  at  least  txTO 
representations  as  the  sum  of  two  elements  of  A.  Vje  assurae  that 
every  odd  positive  integer  has  exactly  two  such  representations. 


CASE  1.  a^  =  2.  We  shoi^  that  the  rest  of  the  numbers  of  A 

are  even.  Suppose  the  contrary.  Let  2m+3,  m  >  1,  be  the  smallest 
odd  nxunber,  apart  from.  1,  in  A.  Then  we  must  have  the  numbers 
2,  U,  ...  (2m-2)  as  elements  of  A  for  otherwise  vre  would  not  be 
able  to  represent  the  odd  numbers  3,  (2m-l).  If  2m  is  in 

A  then  p  (2TrH  l)  >2,  contrary  to  assumntion.  Hence  2m  is  not 
in  A.  ¥e  now  have  2m+3  =  (2m+l)  +2,  2m.+5  =  (2m+l)  +  U,  ...  ljm-1 
=  (2m+l)  +  (2m-2)  so  that  every  odd  number  not  exceeding  (hm-l) 

has  exactly  two  representations.  Thus  (2m+l)  ’  >  (Iim-l).  How  in 
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A  the  elements  not  exceeding  (Um-l)  are  0,  1,  2,  U,  ...  (2m-2) ,  (2ith-1) 
Consider  the  positive  integer  ()im-2).  For  m  >  3,  ^(14^-2)  =  0. 

If  m  =  1  we  have  (Lpn-O)  =  2.  Put  we  also  have  2m+l  =3  so  that 

p(3)  >  0,  contrary  to  assumption.  If  m  =  2,  (2m-2)  =  2  and 

(2m+l)  =  5  so  that  the  elements  in  A  <  Ijm  =  8  are  0,  2, 

5’  =  8  for  otherwise  ^(8)  =0.  If  9  is  in  A  then  ^(9)  >  2. 

Hence  9  is  not  in  A.  11  is  not  in  A,  for  otherwise  ^(13)  >  2. 

Thus  8’  =  10  for  otherr^ise  ^(11)  =  0.  '..'e  now  have  0,  1,  2,  5, 

8,  10.  If  12  or  13  is  in  A  then  ^(13)  >  2.  Hence  12  and 

13  are  not  in  A.  lU  is  not  in  A,  for  otherwise  ^ (15)  >  2, 

But  now  ^  (lU)  =  0.  Hence  the  case  m  =  1  is  also  excluded.’  Hence 
our  assumption  has  led  to  a  contradiction  which  means  that  1  is 
the  only  odd  element  of  A.  Ue  find  that  the  set  (0,  1,  2,  U,  6, 

2n,  .,.)  is  the  only  basis  of  order  2  which  contains  the 
number  2  and  in  which  every  odd  number  has  exactly  two  representations 
as  the  sujn  of  two  elements  of  the  set. 


CASE  2.  =  3*  Eh  show  that  the  rest  of  the  elements  of  A 

are  odd.  Suppose  the  contrary.  Let  2m,  m  >  2,  be  the  smallest 
even  element  of  A.  Then  the  odd  positive  integers  3^5?  (2m-l) 

m*ust  be  elements  of  A,  All  positive  integers  which  are  less  than 
(Ipn+l)  are  representable  and  so  it  must  be  the  case  that  (2m)’  >  Ijia. 
If  (2m) »  =  Inn  then  (i^m)  ’  >  l4m-t*2  as  othen-jise  ^  (Iim+l)  >2  or 
^(bm+3)  >  2.  But  now  ^([im+2)  =  0.  If  (2m)’  >  Lm+2  then 
p(Iim+2)  =  0,  Hence  (2m)’  =  hm+l,  He  now  have  the  elements 
0,  1,  3,  5}  •••  (2m-l),  2m,  Lpn+1  in  a.  As  we  require  representations 
for  the  odd  numbers  i4m+3^  (6m-l)  we  shall  have  to  have 

these  numbers  as  elements  of  A.  \Je  cannot  have  any  evcii  numbers 
in  the  interval  |^Lqn+2,  6m-2j  as  elements  of  A  because  this  would 
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be  too  many  representations  for  some  larger  odd  number.  For 
instance,  ([{m+2)  in  A  would  make^(6m+l)  >  2.  V;e  now  have 
0,  1,  3,  5,  ...  (2m-l),(2m),  (l4in+l),  (hin+3),  ...  (6m-l) .  All 
integers  not  exceeding  ('3m-l)  may  nov:  be  represented.  Hence 
there  are  no  integers  in  in  the  range  jjsm,  8m-lJ  .  8m  is 
in  a  for  other^'P  se  ^  (8m)  =  0.  All,  numbers  not  exceeding  lOn 
now  have  representations .so  that  there  are  no  integers  in  A  in 
the  range  j^8m+l,  lOm-lJ  .  :Je  m.ust  have  either  (8m)’  =  10m  or 
(8m)’  =  lOm+1  for  otherwise  ^  (lOm+1)  =  0.  If  (8m)’  =  10m 
then  all  odd  numbers  <  (iLjm.-l)  have  two  representations  so  that 
(10m)’  >  llim.  But  then  p(12m+2)  =  0  ,  Hence  (8m)’  =  lOm+1. 

But  now  ^  (12m+l)  >  2.  Thus  we  have  arrived  at  a  contradiction 
which  shows  that  the  onl^r  basis  of  order  2  containing  the 
elem.ent  3  a,nd  such  that  every  odd  positive  integer  has  exactly 
t^wo  representations  as  the  sum  of  two  elements  of  A  is  the  set 
(0,  1,  3,  2n+l,  ...). 


PROOF  OF  THF:0REM  6.1: 

Let  A  be  any  basis  of  order  2.  We  must  show  that  all 
sufficiently  large  positive  integers  can  be  e>:pressed  as  a  sum 
of  four  or  fewer  elements  of  A  without  repetitions.  If  A  is 
one  of  the  two  sets  (0,  1,  2,  2n,  ...)  or 

(0,  1,  3,  8,  2n+l,  .,.)  then  the  condition  is  obviously 

satisfied.  For  A  any  other  basis  of  order  2  we  split  the 
proof  into  two  parts. 

First,  consider  z  to  be  an  arbitraiy  odd  positive  integer 
larger  than  3x,  where  x  is  the  even  integer  of  Lemma  6  Then 
z-x  is  odd  and  it  is  always  possible  to  write  z-x  =  a^  +  a^  , 
where  a^  #  a^  ,  since  A  is  a  basis  of  order  2.  Since  p  (x)  > 


w 


0 


\V' 


'V*  . 


(. 


r 
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we  must  be  able  to  write  x  =  a^  +  a 
and  a^  are  all  distinct.  As  (z-x)  >  2x  we  may  say  that  not 


more  than  one  of  a^  and  a^  is  less  than  or  equal  to  x.  Now 
^3’  ^6  less  than  or  equal  to  x.  Hence  there 

can  be  at  most  one  of  a^  and  a^  equal  to  one  of  a.^^,  a^ 

eind  a^.  vJe  haT^-e  z  =  (z-x)  +  x  =  a^  +  a^  +  a,^  +  = 

^1  ^2  ^6*  ^  ^  distinct  then 

we  have  two  ways  of  expressing  z  as  a  sum  of  four  distinct 
elements  of  A.  Even  if  two  of  the  a^  are  equal,  say  a^  =  a^  , 
we  may  stili.  represent  z  =  a^  +  a2  +  a^  +  a^  as  a  sum  of  four 
distinct  elem.ents  of  A, 

It  is  possible,  using  a  similar  argument  and  using  Lemma  6,h 
to  show^  that  in  the  case  when  z  is  an  arbitrary  even  integer 
larger  than  3y  we  may  always  represent  z  as  a  sum  of  four 
distinct  elements  of  A, 

Hence  by  taking  'sufficiently  large  ’  to  m.ean  greater  than  the 
maximum  of  3x  and  3y  we  see  that  the  theorem  follows. 

If  it  is  known  that 

V,  3 


6l 


(6.]-)  ^(n) 

then  Theoremx  6,1  may  be  proved  more  easily,  Faking  this  assumption 


Kelly 13  j  states  that  A^  ^  ^ j  <  2  P  (n)  for  large  n, 

j=o  ' 

That  this  statement  is  not  tru.e  for  all  bases  of  order  2  m.ay  be 
seen  by  considering  the  set  A:  0,  1,  3,  U,  9,  10,  12,  13,  2?,  ,, 
which  was  mentioned  previously.  Due  to  the  nature  of  construction 
of  the  set  A,  all  positive  integers  of  the  form  (3-1) ,  for  all 
k  >  o,  are  expressible  as  a  sujn  of  2  elements  of  A  only  as 


3^.1 


3'^-l 


Hence 


non-negative  k. 
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Thus  we  are  able  to  find  eyoiriplne  of  arbitrarily  "i  ;j.r‘gr  integers  n 
such  that  ^  =  ].  ^'rnce  1  p  (  i)  =  (n+i)  ^'n)  adopts  the 

value  3^  for  n  of  the  forrr  (3^-1).  "’he  number  of  elements  of 

A  xiThich  do  not  exceed  2 — 1  is  because  we  have  all  nossible 

2 

k -ternary-digit  numbers  consisting  of  ternary  zeros  and  ones.  Thus 


case,  A  correct  statement  is 


in  thi s 


(6.2) 


(I)  -  1  • 

J=0  ^ 


Thiis  relation  holds  for  all  non-negative  values  of  n.  Let  A  =  a 
so  that  the  elements  of  A  which  do  not  exceed  —1  are 

L2J 

0  =  a^,  -  ~  ^2’  •••  3-ny  two  of  these  elements 

we  obtain  some  number  j  ^  0  <  j  <  n  .  Hence  each  sum  contributes 

to  some  ^  (3)  .  fhe  contribution  is  of  amount  2  if  we  form,  a 
sum  by  using  distinct  elements  and  is  just  1  if  the  same  element 
is  used  twice.  Thom  the  above  remarks  we  conclude  that 


2  p(j)  >  2((a-l)  (a-2)  +...  +  ],)+  a  =  2  a  +  a  =  a^ 

j=o  ^ 

n 

Thus  we  see  that  1  ^  p(3)-  cannot  have  a 

'2/  j=o^ 

strict  ineguality  can  be  dem.onstrated  using  the  basis  0,  1,  3)  hy 


9^  10,  ...  .  Although  it  may  not  be  true  that  ^  (j)  <  ^  (n) 

.for  j  <  n  we  may  say  that  ^(j 
considered.  Thus 


)  <  ~  for  all  j  values  being 
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(6.3) 


‘ID  - 


)  < 


4 

3 

6l 


for  sufficiently  large  n,  since  ^(o)  =  1,  ^(')  =  2 . 


Hence  -^(o)  ^  ^  •  Let  us  define  X(p)  t  'e  ^ne  number  of 
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representations  of  n  as  a  of  four  Flemtnts  of  a.  v;itl:  at 
least  one  repetition.  If  tv;o  representations  arc  ':^is  >  ’.;c 

count  both  of  then,  No'.^r 


(6.U)  X(n)  <  G  1  p(n-2j)  , 

A  V 


The  form  (n-2j)  makes  exj^licit  the  fact  that  ne  are  insisting 
upon  at  least  one  repetition^  j  being  an  element  of  A  and 


0  <  i 


.  Let  us  suppose  that  n-2j  =  a  +  fJ  -fiere  a  and 
,3  are  distinct  elements  of  A,  Then  n  =  a+  p+  i  +  ;i,  "jhe 
contribution  to  X(n)  is  12,  The  factor  of  6  outside  the 
sui.imation  sign  together  with  the  definition  of  the  function  ^(n) 
allows  for  this  factor,  Tfie  contribution  is  less  if  a  =  p,  this 
fact  being  taken  care  of  by  the  inequality  sign.  The  number  of 
terms  in  this  su.mmation  is  obviously  that  we  may  write 


(6.5) 


6  2  P  (n-2j)  <  6  a(^\  a 
A  '■  '?/  A5 


2  1 

5  3 

6  £L  .  iL  = 

6^  6z 


'.,e  Icnow  now  that  ^(n)  <  n,  Ite  n  =  0+n  =  1  +  (n-1)  = 

,.,  =  -i-  "  ^  )  *  since  is  a  basis  of  order  2, 

everq;-  integer  ^  ^  f  ^  that  p(j)  >1.  Thus  “we 


must  have  at  least  2 


( [I]  * 


n  ways  of  representing  n  as 


a  sum  of  four  elements  of  A,  Hence  Theorem  6,1  follows. 

We  now  make  some  introductory^  remarks  before  proving 

Theorem  6.2.  Let  3  =  (b^ .  b^.  ...  b  )  be  a  set  of  distinct 

positive  integers.  Consider  any  three  ordered  elements 

1  <  b.  <  b  <  b.  ,  of  such  a  set.  'He  may  >7rite  b^,  =  b.  +  c,  b.  =  b,+d 
—  i  k  3  ^  J  ^ 

where  c  and  d  are  positive  integers.  If  the  equation 
b  +  b  =  2bi  holds  we  have  b.  +  (bv-i-d)  =  (b.+c)  +  b,  so  that 

j_  i  K  1  J.  K 

c  =  d  which  means  that  the  elements  b^^^  ,  b^. 


are  in  arithmetic 


r  '  '■!'  '  'li'' 


f: 
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j'v'r *- 
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progression.  .:e  say  that  a  stt  3  is  ^r  ogres  si  on-free  if  the 
equation  =  fb,..  has  no  solntion  '.;ith  i  /  ,■.  let  >:  be 

a  positive  real  number  and  let  r'(x)  denote  the  maximum  number  of 
integers  in  any  progression-free  se  t  uhose  olnnents  are  1.  ss  than  x. 
A  theorem  of  Roth[23-2^ -states  that 

(6.6)  B(x)  =  of - ^ - 

\  loglog  X 

...  Di  X 

Hence  we  may  Tn-ite  B(x)  <  ; -  for  a  suitable  constant  L\ 

loglog  X  ^ 

Let  S  be  any  set  of  non-negative  integers  and  let  T  be  the  set 
of  integers  such  that  each  integer  of  T  is  representable  as  a  suia 
of  two  elements  in  S  in  just  one  way,  namely  as  2  ,  s^^  an 

element  of  S.  If  we  assume  that  S  is  progression-free  then  so 
is  T  because  2(2  Sj^)  =  2  s^^  +  2  s .  implies  2  s,  =  s +  s . 

which  holds  only  for  i  =  j  =  k,  Fore  generally,  if 
B  =  (b^,  b^,  ...  b^)  is  progression-free  then  so  is  the  set 

C  =  (c_ ,  c_,  ...  c  )  where  c.  =  ^  b.  +  M  for  A  /  0  and 

X  <  p  ^  1  / 

i  =  1,  2,  ...  r.  If  2cj^  =  +  c^  then  ^(Abj,,  +  yu)  = 

(  Ab^  +yw.'  +  (  Xbj  +  from  which  we  have  2b^  =  bj_  +  b^  if 

A  /  0.  This . equation  can  hold  only  for  i=j=k.  If  A=0 
ws  have  Cj_  =  for  i  =  1,  2,  ...  r  so  that  2cj^  =  Cj^  +  c^  is 
satisfied  by  distinct  i,j  and  k.  Let  A  be  an  asymptotic 
basis  of  order  2.  Then  a  is  a  set  of  non-negative  integers  such 
that  every  sufficiently’"  large  positive  integer  can  be  e3p:)ressed  as 
a  s-ijim  of  two  or  fewer ^  and  therefore  also  as  exactly  two,  elements 
of  A.  ;.^e  assume  that  if  an  integer  is  larger  than  t  then  it  is 
sufficiently  large.  Let  x  be  an  integer  greater  than  t  which 
cannot  be  represented  as  a  sum.  of  three  distinct  elements  of  A, 

Thus  we  are  assuming  that  we  have  an  asymptotic  basis  of  order  2 


which  is  not  a  restricted  basis  of  order  3 
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Next,  consider  an  element  a  ,  of  A,  such  that  a  <  x.  Now 

P  p  — 

X  -  a^  <  t  or  X  -  >  t.  If  (x-a^)  >  t  we  must  have  either 

x-Up  =  ^  where  a^  io  an  element  of  A,  or 

with  a^  in  A  because  A  is  an  asymptotic  basis  of  order  2, 
cannot  have  x-a^  "  ^tr  \  ^^^th  o'  ,  'f  ,  and  p  distinct 
and  a^  ^  in  A  because  if  this  were  so  we  could  represent  x 

as  the  sum  of  three  distinct  elements  of  A,  contrary  to  assumption. 
¥e  define  an  x-chain  to  be  a  collection  of  elements  a^,  a^,  a^^ 

in  A  such  that  x-a^  =  2a^  ,  x-a^  =  2a^,  ...  x-2ap_^  =  2aj^ 

where  the  equations  x-a^  =  2a^  and  x-a^  =  2a^  with  a^  ,  a^ 
in  A  have  no  solutions*  Consider  any  element  a^  of  A  such 
that  0  <  <  x-(t+l).  For  any  such  elem.ent  x-a^  >  t  which 

ijnplies  that  belongs  to  exactly  one  x-chain.  If  x  is  an 

element  of  A  then  x  belongs  to  exactly  one  x-chain.  Hence 
eveipr  elem.ent  of  A  which  is  less  than  or  equal  to  x,  with  at 
most  t  exceptions,  belongs  to  exactly  one  x-chain. 

It  is  easily  shotm  by  induction  that 

(6.7)  =  I  (x-3ai)(-  |)"  +  I  ,  (l<n<k). 


We  see  that  the  elements  of  an  x-chain  are  all  distinct  unless 


a^  =  f-  when  all  the  elements  are  the  same.  Tlie  number  of 

3 

distinct  elements  in  an  x-chain  will  be  called  its  "length”  and 
tjill  be  denoted  bj^  k. 

Pu.tting  n  =  k  in  (6.7)  we  see  that  since  is  integral 

it  is  necessary  that  2^“*^  I  (x-l^.^) .  We  say  that  an  x-chain  is 
associated  with  m  if  2^-  |  (x-3a^).  Thus  k  <  m+1  for 


^  2  . 


ilLso  we  shall  have  m  <  u  = 


log  X 


log  2, 


+  1 


If 


a  =  -  we  Dut  k  =  1,  m  =  0 
1  ^  - 
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The  integer  (x-a^)  has  only  the  representation  (x-a^)  =  2^^ 
as  a  sun  of  two  elements  of  A  because  x-a^  “ 
an  element  of  A  would  imply  x-a^  =  2a^  and  would  not  be 
the  initial  element  of  its  '•-chiain.  Hence  the  initial  elements  of 
all  x-chains  must  form  a  progression-free  set.  In  narticul.ar  the 
initial  elements  of  the  x-chain  associated  with  m  must  ^orm  a 
progression-free  set.  Consider  integers  of  the  form 


where  a^  runs  over  all  the  initial  elements  of  chains  associated 
with  m.  This  set  of  integers  also  forms  a  progression-free  set. 
Since  0  <  <  x  these  integers  lie  in  the  closed  interval 


Also  the  total  number  of  x-chains  in  <  P(x) 


fe  are  noi:  in  a  position  to  prove  Theorem  6,2 


PROOF: 


337-  a  previous  remark  we  have 


(6,8)  A(x)  <t+Z;k  <  t  +  Z  (m+l) 


where  the  unindexed  summations  are  taken  ovor  all  x-chains.  Now 

u 

for  an3r  m  we  have  a(m-)  x-chains.  Hence  Zm  <  Z  ma(m) 


so  that 


u 


(6.9)  A(x)  <  t  +  Z  m  a(m)  +  Z  1 


Let  us  put  V 


-  .  \/e  may  nov:  write 

2  log 


log  X 


(6.10)  A(x)  <  t  + 


Z  n  d(^]  .  2  E 

m=o  12  /  w=v+-|  la'"/ 


(x) 


Using  Roth's  theorem|23-2^ne  are  able  to  write  B(r)  <  — 1 


c,  y 


2  ^ 

for  a  suitable  constant  c_  •  Further,  since  x  /  — - 

1  2^ 

for  m  >  v+1  we  mav  write 


loglogy 


V 

(6.11)  A(x)  <  t  +  2  <=i  ZH 

in=o 


„m  ^  -—T3y\  ^  ^  ' 

^  loglogj— j  n=v+l 


Cl  X 


loglog  X 


(6.12)  A(:0  <  t  +  2 


^  3  c^  m  X 


i  ^ 

—  +  3x  2  m 


Ct  X 


in=o 


pin  loglog  (3x2)  Tn=v+]  loglog  x 


Co  X  m  2  Ct  X 

(6ol3)  A(x)  <  t  +  -  2  --  +  c  X  log^x  + 

“  loglog  X  2""  3  ^  loglog  X 


(6. ill.)  A(x)  <  t  +  Cj  ^ 


loglog  X 


■where  c  ,  c  ,  c,  are  suitable  constants.  Our  initial 
2^  3  h 

assumption,  together  T-rith  (6.II1.)  implies  Theorem  6,2. 
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